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RECOMMENDATIONS. 



Extract of a letter from Hon, John C Spencer, Secretary of States and 
one of the RegeiHa of the Umversity of the State of New York. 

AuANT, June 26, 1841. 
Messrs. Binnbtt, Backus, & Hawlst : 

GsNTLBUEN-— The Committee of the Rec^ents of the Univeraity, hare 
eeleoted ** ^brejns' Ajutbhetio" to be purchased and used in the de- 
partments for the instmotiott of Common School teachers, established 
i>7 the Begrents, in several Academies of the State. 

JORN C. SfEMCBE* 



From Hon, John A, Dix, one of the Regents of the Univeraity of the 

State of New York. 

Albany, June 8, 1841. 
Messrs. Bennett, Baokus, & Hawlst: 

Gentlemen — I have examined Mr. George R. P^rkini^ Higher Arith- 
metic, and consider it a very valuable work, filling as it does, a space 
which is usually but a portion of more voluminous treatises* For acad- 
emies and high schools, and for the purpose of exercise and discipline 
to tHose who have become familiar with the common rules of arithmetto, 
it is appropruite and useful, both on account of the manner^ in which 
the various subjects are treated, and the clearness of its illustrations. 

John A. Diz. 



From I, W, Jackao^n^ A, itf., Professor of Mathematics, Union College* 

Sohbnectadt, June 4, 1841. 
Messrs. Bennett, Backus, & Hawlet: 

Gentlshen — I have examined the treatise on the Higher Arithmetic, 
by Prof» Perkins, which you were so good as to send me, and am most 
happy to give you my opinicQ of its m9rits> 
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It if ft wof k of an order superior to any that haa iaaued from the Amer- 
ioan preas on the aabjeot, in the higheet degree creditable to the profea. 
sor, and to the acienoe of the oountry. Indeed, I am acquainted with 
no work on arithmetic in the Engliah language equal to it. I am con- 
fident that its general adoption aa a tezt-book, by our aeminariea* would 
be conaidered by all who feel an interest in the promotion of the exact 
aoiencea, as an omen of good. 

In great haste, your ob^t mn% I. W. Jacksoii. 

From B. BirdwUf Profeswr of Mathematics, Clinton Liberal Institute. 

Clinton, May 28, 1841. 
Mbssib. Bbnnbtt, Backus, &. Hawlbt: 

Gbntlkmbn — I have examined with considerable attention ** Perkins* 
Higher Arithmetic," and am favorably impre«ed with its excellence. 
It has been introduced here as one of the textbooks for the use of those 
students who have already a knowledge of elementary arithmetic. The 
author is very clear in his explanations, systematic in the arrangement, 
and the examples are numerous and well-selected. In the explanations 
which generally precede the rules, the student is carried on by a kind 
of inductive process, to a perception of the principle on which the rule 
is founded. The article on continued fractions — which are so useful in 
determining approximate ratios — (Supplies a deficiency which exists in 
nil other systems of arithmetic with which I am acquainted. In short, 
there are many new and interesting properties of numbers exhibited in 
the body of the work, which will, I belieTCf^render it acceptable even 
to advanoed students^ The new and concise methods which are given 
for the extraction of the cube and other higher roots, will of themselves 
sufficiently commend the work to any one who is favorable to the imr 
provement of science. B. Birdball. 

I concur in the above recommendation of Perkins* Higher Arithme- 
tic. TiHOTHT Glowbs, Principal Clinton Liberal Institute. 

From O. Root, A, M,, Principal qf the Syracuse Academy, 

Syracusb, May 26, 1841* 
Mbssrs. Bbnnbtt, Backus, & Hawlbv: 

Gbstlbm EN^I thank you for the copy of Prof. Perkins* Arithmetic 
'Which you' had the kindness to send me. My engagements have pre- 
vented me from examining the work very minutely, but from what I 
have read I am satisfied that it will prove highly useful to those students 
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who pursue the study of aritbmetie beyond our elementary treatises. I 
noticed seyeral remarkable properties of numbers ealculated to excite 
the euriosity and ezereiae the ingenuity of the student, and the exposure 
of a aingle defeetive role whieh had so long remained uneorreeted ahould 
entitle the work to the consideration of all teachers and loyers of the 
exact sciences. I shall commence an advanced class with the work as 
soon as it can be obtained. Yours, respectfully, O. Root. 

^rom Marcus Catlin, A, M., A. A. S.^ Professor of Mathematies and 

Astr4momytMamilton College. 

CuNTOR, May 25, 1841. 
MKseas. Bbmnxtt, Backus, & Hawlet: 

Gentlbmsn — I haye receiyed a copy of Perkins' Higher Arithmetic 
which you had the kindness to forward to mo. I had often ezpremed 
my approbation of the plan to the author while he was preparing the 
manuscript; and now that I haye given the work a somewhat thoroagh 
examination, I am happy to say not only that my former opinion of its 
plan is confirmed, but that the plan has been well executed. This work 
appears to me to supply a deficiency in the series of text-books now in 
use ; and if it would be generally adopted and introduced into our schools, 
it would undoubtedly tend to elevate the standard of arithmetical learn, 
ing whieh is now unfortunately so low. 

Yours, 6lc Marcus Catuh. 

From J. r. Foster t Principal of the High School,^ Little Falls, 
Upon a careful comparison of Perkins' Higher Arithmetic with oth. 
ers, I am prepared to give it a high place among the books which have 
been published upon the subject o£ mathematics. 

It seems admirably calculated to fill the vacancy which has existed 
between common arithmetio and algebra. In my opinion it is a work 
of peculiar excellence. The author has developed many new principles, 
which have never before appeared in any similar work. Had the author 
done nothing more than correct the rule for Ending the ** least common 
multiple of numbers," that alone would entitle the work to a large share 
of public patronage. 

The method of explaining and developing the principles contained in 
the work is so clear and concise, that any scholar of ordinary abilities 
will find no difficulty in readily understanding them. During several 
years' experience in teaching the higher, as well as the ordinary branches 
of mathematics, I have found a vacancy whieh I have endeavored to fill 
up with oral iostmation, without any definite system, till some one emu- 



Ions to oonftr a pnblic benefit, should supply the desideratum. Although 
the work is n^ designed immediately for primary sohools, still every 
teacher should haye a copy of it for his own benefit. I should go on 
to particularize the eioelleneies of the work, but, after specifying the 
"explanation of prime numbers,*' the rules for discounting bank notes, 
permutation, iLO», I shall leave its merits to its only true tests, of time 
and use. J. T. Foster. 



From Stephen W, Taylor, Profesoor of Mathematics and Natural Phi- 
looophy in HmnUton Literary and TJieologieal Seminary, 

Hamilton, May 29, 1841. 
Mkssrs. Bennett, Backus, & Hawlbt: 

Gentlemen— As a lover of learning, and a friend to youth, I ftel in* 
debted to any man, who takes pains to give to our schools an improved 
arithmetic. 

Prom reviewing ** Higher Arithmetic, by Geo. R. Perkins, A. M.," I 
am, therefore, happy to find in it, the plan jadicious, the principles 
dearly developed, the introduction of the rules natural and easy, and 
the enunciation simple and neat. In my opinion, this book, in compar- 
iaon with most others extant on the same subject, will serve tomdvance 
the student, in the indispensable branch of Mathematics. 

Very respectfully, yours, Stephen W. Taylor. 



From Alvin Lathrop, A. Jtf., Professor of Mathematics in Pokeepsie 

Collegiate School, 

PoKEEPSiE, June 4» 1841. 
Messrs. Bennett, Backus, & Hawlev : 

Gentlemen — I received from^you some weeks since a copy of Prof. 
Perkins* Higher Arithmetic, and have given it sufficient attention to 
satisfy me that it is a work of much ability ; furnishing abundant 
evidence of having come from a mind much accustomed to arithmetical 
investigations, and familiar, in no common degree, with the properties 
and powers of numbers, and their manifold curious applications. I hope 
the author may find cheering encouragement and reward for his labors 
in the approbation of t^e public and in improved methods of instruction, 
under hip guidance, in the higher department of arithmetic ; a branch 
of education which, as he justly says, lies at the foundation of all excel- 
lence in math^atioal sciences. 

Very respectfully, Alvin Lathrof; 







HIGHER 



ARITHMETIC, 



DBSIONED FOB THB USB 



or 



HIGH SCHOOLS, ACADEMIES, AND COLLEGES; 

IN WHICH 

SOME ENTIRELY NEW PRINCIPLES ARE DEVELOPED, AND MANY 

CONCISE AND EASY RULES GIVEN, WHICH HAVE NEVER 

BEFORE APPEARED IN ANY ARITHMETIC. 

By GEO. R. PERKINS, A. M., 

rRINCIPAI., AND PR0FEB80& OF MATHEMATICS, UTICA ACADKMT. 



PUBLISHED BY 

Bennett, Backus, Sl Hawlet, Utica ; Gould, Newman, Sl Saxton, 

New York ; Gtould, Kendall, &, Lincoln, Boston ; A. S. 

Barnes Sl Co.', Philadelphia ; H. Stanwood 

& Co., Rochester. 

1841. 



4U- ^f - 



I 
/ 



/ / i 



V^ ' V C' '^ 



/ 



Entered according; to Act of CongrcBB, 

Br Georok R. Pbrkins, 

in the Clerk's Office of the Northern District of New York. 

in the year 1840. 



BENNETT. BACKUS, & HAWLEY, 
PBXNTBRS, PUBLIBRBBSi BOOK-IXLLBBI, BTC, 

Fraikkn Sguare, UUca, N. Y. 



PREFACE. 



Akithhktic is a subject of so much importance, being that branch of 
mathematics upon which all the others are based, that any attempts to 
elucidate its rules of operation must be considered as worthy of commen- 
dation, even should those endeavors fail of their object. 

I am well aware that our schools are already flooded with books on 
this subject, but ataiong the multiplicity of works which have appeared 
within a few yeans there seems not to have been any material change ; 
they all wear nearly the same aspect. Whilst all other school books 
have been rapidly improving^ our Arithmetic has remained nearly sta- 
• tionary. 

This work is not designed to teach the fundamental, or ground rules, 
of the science, but is intended for such pupils as have already pursued 
some simple elementary Arithmetic as far as the Rule of Three. I know 
of no elementary woi^ better adapted for this purpose, than " Daviesi 
Mental and Phactical Arithuetic." 

I have endeavored to simplify many of those rules, which hitherto 
have been considered as the most difficult. 

Under Chapter I., will be found many important properties of num- 
bers, demonstrated by the aid of Tprime numbers ; under this Chapter will 
also be found an exposure of the erroneous rule, given in nearly all our 
Arithmetics, for finding the least common multiple of several numbers. 
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Under Chapter III., will be found some entirely new things in refer- 
ence to that class of repetends, which I denominate Perfect Repetendi, 

The role for extracting the cube rootf as well as the general rule for 
roots of n^l powers, as given under Chapter XI., has been drawn from 
Mr. Holdred's method of solving Algebraic Equations ; whicK was 
first puUished in 1820. I am also indebted, for the arrangement of the 
numerical work, to the " Root Extractor; *' a work in pamphlet form, 
by Timothy Clowes, LL. D., published in 1831. These rules have 
been universally admired by all who have used them. 

Under Chapter XV., I have given Analytical Solutions to that class 
of questions, which, by most authors, are solved by Pontion; which rule, 
in my opinionf should never be used when a direct solution can be ob. 
tained. This method of solving questions is preferable to eVery other, since 
it appeals to the reasoning powers of the mind, and is not, like many 
arithmetical rules,a mere mechanical method of operation. 

Many of these questions have been made, expressly for this work, 
others have been copied from standard works on Algebra, 

GEO. R. PERKINS. 

Utica, April, 1841. 
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ARITHMETIC. 



CHAPTER I. 
DISFINITIONS. 

1 • Any whole number is called an integer. 

2. Adv number which can be divided by 2, without a 
remainder, is called an even number. 

3. All numbers Which cannot be divided by 2, without ft 
remainder, are called add numbers, 

4. Any number which can be produced by multiplying 
two or more numbers together, each of which is greater than 
a unit, is called a composite number. Thus, 35 is a compos- 
ite number, since it can be produced by multiplying 5 and 7 
together. 

5. The numbers which are mulh'plied together to produce 
a composite number, are called factors. Thus, 3 and 8 are 
factors of 24 ; so also are 4 and 6. 

6. A composite number which is composed of two equal 
factors, is called a square numhen Thus, 4, 9, 16, and 49, 
are square numbers. 

7. A composite number which is composed of three equal 
factors, is called a cube number, ThaS| 8, 27, and 64, are 
cube numbers. 

8. One of the e^al factom which cottiposo a square num- 
ber, is called the sqy^sre root of the number. Thus, 7 is eaii" 
ed the square root of 49. 

2 
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9. One of the equal factors which compose a cube number 
is cidled the evike root of the number. Thus, 3 is the cube 
root of 27. 

10. All numbers which are not composite, are called prime 
nunUfers^ Thus, 1, 2, 3, 5, 7, ll,.and 13, are prime numbers. 

11. Unity divided by a number is the reciproeai of that 
numbex*. 



SYMBOLS. 

3« The symbol, =, is called the sign o£ equality ; and de^ 
notes that the quantities between which it is placed are ecj^al 
or equivalent (o each other. Thus, 91 = 100 cents, which is 
read, one dollar equals one hundred cents. 

2. The symbol, -{-, is called plM8\ and denotes that the 
quantities between which it is placed are to beadded togeth* 
er« Thus, 6 -4-2 =8, which is read, six and two added equals 
eight. 

3. The symbol, — ^ is called mmu8 ; and denotes that the 
quantity which is placed at the right of it is to be subtract- 
ed from the quantity on the left. Thus, 6 — 2=^4, which is 
read, six diminished by two equals four. 

4. The symbol, Xy is called the sign of fTtubepZitfatton ; and 
denotes that the quantities between which it is placed are to 
be multiplied together. Thus, 6X2=: 12, which is read, six 
multiplied by two equals twelve. 

5. The symbol, 4-, is called the sign of Jtomon; and de- 
notes that the quantity on the left of it is to be divided by the 
quantity on the right. Thus, 6-h2=s8, which is read, six 
divided by two equals three. 
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Division is also denoted by placing the divisor under the 
dividend, with a horizontal line between them like a vulgar 
fraction. Thus, ^ \& the same as 6-r2. 

6* A number placed above another number, a little to the 
right, is called an exponent. Thus, 6^, 7^, in these expres- 
sion^, 2 and 8 are exponents of 6 and 7 .respectively. 

7. An exponent placed over a quantity denotes that the 
quantity is to be used as a factor as many time^as there are 
units in the exponent. Thus, 2< =2 x 2 x 2 X 2= 16. 

S. When the exponent is two, the result is called the sec» 
and power of the quantity over Ivhich it is placed. Thus, 
7« =7 X7=49= the second power of 7. - 

9. When the exponent is three, the result is called the 
third power of the quantity over which it is placed. Thus, 
43=4X4x4=64=the third power of 4. 

The higher powers are denoted in the same way. 

10. The symbol, Vt denotes that the square root of the 
quantity over which it is placed is to be taken. Thus,'\/4=29 
which is read, the square root of 4 equals 2. 

3— 

11. The symbol, V# denotes in a similar manner the 
cube root of the number over which it is placed. Thus, 

3 

^64, =4 which is read, the cube root of 64 equals 4. 

The roots of higher dimensions are denoted in a similar 
way. 

12. The symbol, ••. , is equivalent to the phrase therefore^ 
or eowequendy. Thus, 6* =36, and 4 X 9=36 .% 6» =4 x 9, 
which is read, the square of 6 equals 86, and the product of 
4 and 9 equals 86, theref<>re the square of 6 equals the pro- 
duct of 4 and 9. 
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13. Tkb pax9iitlieii% ^ )i when it; wdoaeB aoveral qusn- 
titie8, requires these quantities to be regarded a« one single 
quantity. Thus, (54-2) X 7=49, which is ready th^ swn of 
5 and 2 multiplied by 7=49. 



EXAMPLES. 

XLLUSTXATXllO TRS VOBSOOINe DBFIVITIONS Aim SYKBOLS. 

3. The expression, il4-5— 2c=2x7=28-^2=14, when 
translated into common language^ becomes^ the sompf 11 9tMd 
5 diiqinii^ed by 2 equals the product of 2 and 7, equals 28 
divided by 2, equals 14, 

(42 — 8) 

2. The expression, — 5 — '^H- 3=4x5=20, is equivalent 

to the following : Forty two diminished by 8, and the re*' 
mainder divided by 2, and the quotient increased by 3, equals 
4 multiplied into 5, equals 20. 

3. The expression,y'"T44=3x 4=36-7-3=12, is the same 
as the square root of 144 equals 3 multiplied into 4, equals 
36 divided by 3, equals 12. 

' 4. Translate the expression, (10+3)X7=182-^2=91» 
into common language* 

5. Translate the expression, (\/16+7)X4=v?64xil^ 
into common language. 

6. Translate the expression, (V49— >/64)xS=20-:-ll, 
into common language. 

7. What «ipression isequivalent to the following ? << Five 
times nine divided by three, and that quotient multiplied by 
seven, equals the square of ten increased by five 1" 

Ans.-H^X7=lD« + 6 
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8, What exprossion is^ eqaivalent to the fbllowiog ? — 
*^ Three times twenty-one, increased by five timds seven, and 
diminiflJied by three times the square of four, is equal to twice 
the square of five ?" 

9. What expression is equivalent to the following 1 ^ The 
cube root of sixty-four, increased by two, and the sum multi- 
plied by ten, is equal to thesquare of eight diminished by four?" 



MULTIPLICATION OF COMPOUND EXPRESSIONS. 
4. Let it be required to multiply 3+2 by 4+5. 

We must repeat 3+2 us^many time& as there are units in 
4+6. 

Firstf repeating 3+ 2 as many times as there are units in 
4,weget (3+2)X4=12+8, for first partial product: 

Secondly, repeating 3+2 as many times as there are units 
in 5, we get (3+2) x 5—15+ 10, for second partial product : 

Hence, 3+2 repeated aa'fnany times as there are units in 
4+5, becomes (3+2)x(4+5)=^12+8+15+10. 

2. Again, iet it be required to multiply 7— 3 by 4+2: 
Proceeding as in the last extfii^le, we find (7^3) x (4+2)= 
28—12+14—6. 

3. Inasimilarwaywe' find that 4—3, multiplied by 3— 2, 
giires (4— 3)X(3— 2)=l2-9— 8+6. 

By carefully reviewing these examples, we deduce the fol- 
lowing rule. To multiply together two compound expres- 
sions. 

RULE. 
Multiply each term ofmeof thefadhrsj by each term of the 
xAerfatUnr; odMHftn^. ih^lUki eiiriSspMU^ 
like signs produce minus. 
2* 
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Examples. 
4. What is the product of 8+3 by 6+4 ? 

Ans. 48+18+32+12. 
6. What is the product of6— 2by4+3? ^ 

Ans. 24—8+18—6. 

6. What is the productof 11— 3 by 13—7? 

Ans. 143—39—77+21. 

7. What is the product of 3 + 2— 1 by 4— 1 + 5? 

Ans. 12+8—4—3—2+1+15+10-5. 

8. What is the product of 1+3— 3 by 4—6 +6 ? 

Ans. 4+8—12—5—10+16+6+12-18. 

9. What is the product of 7—^ by 5—11 ? 

10. What is the product of 21 *-3 by 9—2 ? 

11. What is the product of 1+7+5 by 2+3 ? ^ 

12. W;hait isthe product of 9+8+7 by 6+5+4 ? 



INTERESTING PROPERTIES OF NUMBERS. -^ 

I 

PROPOSITION I. 

5« Every" number wifi divide by % when the sum of its 
digits is divisible by 9. 

For, take any number as 78534] this number is, by the 
nature of decimal arithmetic^ the same as 70000+8000+ 
600+30+4. 

Now 70000 =9999X7+7 

8000= 999X8+8 

500= 99X5+5 

80= 9X3+3 

4= . +4 

.-. 78634=991>9X7+999X8+99X6+9X8+(7+8+ 

-5+3+4.) 
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Now, since each expression, 9999 X 7, 999 X 8, 99 X 5, and 

9 X 3, is divisible by 9, it follows that the first number, 78594, 
will be divisible by 9 when the sum of its digits (7+8+5+3 
+ 4) is. 

Hence it follows, that any number being diminished by 
the sum of its digits, will become divisible by 9. 

Also any number divided by 9 will leave the same remain, 
der as the sum of the digits when divided by 9. 

Note. — ^These singular properties of the digit 9, have been made use 
of by many authors for proving the work of the four fundamental rules 
of arithmetic. ' | 

PBOPOSITIOn II. 

6* Every number is either a prime number, or composed of 
prime factors. 

For, all numbers which are not prime are composite, and 
can therefore be separated into two or more factors ; and if 
these factors are not prime, they can again be separated into 
other factors, and thus the decomposition can be continued . 
until all the factors are prime. 

Hence, to resolve any composite number into its prime 
factors, we have this 

RULB. 
Divide the ntimher hy any prime number^ wTuch will divide 
ilwithout any remainder^ then divide the quoUentinlhe same 
way ; and so con^nue until a quotient is obtained which is a 
prime. Then wiU the successive didsorsj together with the 
last quotientiform the prime factors required. 
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1 . Resolve 728 into its prime factois. 

21728 
2 364 
2'l82 

91 . 

13 

Therefore, 2 x 2 X 2x 7 X 18=2» X 7 X 18 Are the prime fac- 
tors Of 728. 

2. Resolve 812 into its prime> factors. 

Ans. 2^X7X29. 

3. What are the prune factors of 978. 

Ans. 2X3X163. 

4. Whatare-ih6 prime faetors«fl()il? 

AnsL 3 X 337. 

5. What are the prime factdtt of lOa? 

^ --, • , Ans. 2«x5»' 

o. What are tiie prime factor of 8976? 

7. What are the prime factors of 808 ? 

8. What are the prime factors of 707? 

9. What are the prime fhctors of 1118? 

10. Wliat^awtte pritt(eftcte>s'on0fl8f " 
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7« Afwe shall make ao&eque&t um of prime namfaer^ 
we will give a table of aome of the lowest primes. 



TABLE QF PRIME NUMBERS. 



. 1 
2 
8 
5 

7 
11 



181 
137 
189 
149 
151 
157 



18 168 



17 
19 
28 
29 
31 
87 
41 
48 
47 
58 
59 
61 
67 
71 
78 
79 
88 
69 
97 
101 
108 
107 
109 

lis 

127 



167 

178 

179 

181 

191 

198 

197 

199 

211 

228 

227 

229 

238 

289 

241 

251 

257 

268 

269 

271 

277 

281 

283 

298 

307 



8111 
818 
817 
881 
837 
847 
840 
353 
359 
367 
873 
879 
383 
389 
397 
401 
4091 
419 
421 
431 
438 
489 
443 
449 
457 
461 
463 
467 
479 
487 
[491 
4^ 



503 
509 
621 
523 
541 
547 
1^557 
563 
569 
571 
577 
587 
598 
599 
601 821 



7191 

727 

788 

789 

743 

751 

757 

761 

769 

773 

787 

797 

809 



607 
618 
617 
619 
681 
641 
648 
647 
653 
659 
661 
1673 
677 
583 
691 
701 



9411 

947 

958 

967 

971 

977 

983 

991 

997 

1009 

10181 

1019 

1021 

811 1 1031 

1033 

1039 



823 
827 
6291 
839 
853 
957 
859 
868 
877 
881 
1883 
887 
907 
911 
919 
929 



709[^987 



1049 
1051 
1061 
1063 
1069 
1087 
1091 
1093 
1097 
1103 
1109 
1117 
1123 
1129 
1151 
1153 



1163 

1171 

1181 

1187 

1193 

1201 

1213 

1217 

1223 

1229 

1231 

1237 

1249 

1259 

1277 

1279 

1288 

1289 

1291 

1297 

1301 

1308 

1307 

1319 

1821 

1327 

1861 

1367 

1373 

1381 

1399 

1409 



1423 
1427 
1429 
1433 
1439 
1447 
1451 
1453 
1459 
1471 
1481 
1483 
1487 



1619 
1621 
1627 
1637 
1657 
1663 
1667 
1669 
1693 
1697 
1699 
1709 
1721 



1489 1723 



1493 
1499 
1511 
1528 
1531 
1543 
1549 
1553 
1559 
1567 
1571 
1579 
1583 
1597 
1601 
1607 
1609 
1613 



1733 
1741 
1747 
1753 
1759 
1777 
1783 
1787 
1789 
1801 
1811 
1823 
1831 
1847 
1861 
1867 
1871 
1873 



1877 
1879 
1889 
1901 
1907 
1913 
1931 
1933 
1949 
1951 
1973 
1979 
1987 
1993 
1997 
1999 
2003 

2011 
2017 
2027 
2029 
2039 
2053 
2068 
2069 
2081 
2083 
2087 
2089 
2099 
2111 
2113 



2129 
2131 
2137 
2141 
2143 
2153 
2161 
2179 
2203 
2207 
2213 
2221 
2237 
2289 
2243 
2251 
2267 
2269 
2273 
2281 
2287 
2293 
2297 
2309 
2311 
2333 
2339 
2341 
2347 
2351 
2357 
2371 
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8. Suppose we wish to know whether the numbers 
204 ajnd 468 have a common factor ;- we proceed as foliows : 
We decompose them ipto their prime factors, and thus 
obtain S04=2^ X ax 17, and 468=2* X 3* x 13. Here we 
see that 2* x 3 is common, to both the numbers 204 and 468. 

Hence, to find the greatest factor which is common t6 two 
w more numbers, or, as generally expressed, to find the great*, 
est common measure of two or more numbers, we have this 

RULE. 

Resolve the numbers into their prime factors^ (by Rule unde^ 
Ah. 6.) Then select such of the primes as are common to all 
the numbers, multiply themtogether^ and the product wUl give 
the greatest common measure. 

Examples. 

1. What is the greatest coqimon measure <^ 1326, 3004 
and 4420 ? 

These numbers, when resolved into the prime factors, be- 
come 

1326=2X3X13X17 
3094=2X7X13X17 
4420=2^X5X13X17 
The factors which are common are 2, 13, and 17 ; there- 
fore the greatest common measure is 2 X 18 X 17=442. 

2. What is the greatest common measure of 556, 672, and 
840? Ans. 2«=4. 

3. What is the greatest common measure of 110, 140, and 
680 ? Ans. 2 X 5=10. 

4. What is the greatest common measure of 255, and 532 ? 

Ans. They have none« 

5. What is the greatest common measure of 375, 408, and 
922 ? Ans. They have none. 



9. We may also find the greatest commoit measure of two 

numbers by the following 

RULEi 

Divide ike greaier by ike lees, iken divide ike divisor 

hy ike remainder^ and (kus continue to dhnde ike preceding 

divisor hy ike last remainder 9 untUikereis no * remainder* 

The last divisor will be ike greatest common measure. 

Examples* ' 

1. What is the greatest common measure of 360^ and ^30 T 

OFBHATION. 

860)630(1 
360 

2tQ)36a(l 
270 ^ 

90)270(3 
270 


Hqnce the greatest common measure is 90. 

2. What is the greatest common measure of 922, and 

408^ . Ans. 2. 

8. What is the great^est eommon ineasare of 1825, and 

2555? Ans. 365. 

4. What is the greatest common measure of 124, and 
^^^f ~ Ans. 62. 

5. What is the greatest conunon measure of 296, and 

*®^- ' Ans. 37. 

6. What is the greatest confimon measure of 404, and 

3«*^ . Ans. 4. 

7. What is the greatest commmon measure of 506, and 
308? 

8. What is the greatest common measure of 212, and 
416? 

9. What is the greatest common measure" of 74, and 84 ? 

I r 
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10« Suppose we wuh ta know what is tiie least nunber 
which will divide by 215 and 460 ; we proceed as foUowa : 
We decompose them into their prime factors, and thus ob- 
tain 215=5X43^ 4i90<=2*x5x28. Hence, we see that 
2'x5x23x48=19780«i8the least number wUeh <;aB be 
divided by 215 and 460. 

Hence, to find the least number which will divide by two 
or more numbers, or as generally expressed, to. find the least 
common multiple, we have this 

RULE. 

Resolve the numbers into iheir prime factors' {by Rule under 
Art, 6 f) Select cdl the different factors which occurt observing 
theUf when the same factor has different powers^ to take the high* 
est power. The continued product of the factors thus selected' 
will give the least common multiple. 

Examples. g 

1. What is the least common multiple of 12, 16, and 24 ? 
These numbers resolved into their prime factors give 

12=23X3 

16=2* 

24=23X8 

Therefore 2^ x 3=48 is the least multiple required. 

2. What is the least common multiple of 9, 12, 16, 20, and 
35 ? And. 5040. 

5. What is the least common -multiple of 7, 13, 39, and 
84? Ans. 1092. 

4. What is the least common multiple of the nine digits? 

Ans. 2520. 

5. What is the least common nutltiple of 3, 5, 7, 12, 15, 
18, and 35? - . Ans. 1290. 

6. What is the least common multiple of 100, 109, 468, 
and 900 ? 
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H* Wbat id tlie least common moKiple of S65, Old, 2217, 
and 2424 ? 



•JaUfeMM 



11* We may also find the least common multiple of two 
or more numbers by the following 

RULE* 

Write the numhers in a horizonted Une, divide them by any 
prime numhert lohich toiU dimde two tpr more of them^ jplace 
the quotients with the undivided temnsfor a second horizontal 
linSf proceed with this second line as with the first; andsocon* 
iinue untU there are no two fertns which can he divided. The 

^ This tule is usually given as follows : ** Write down the numbers 
in a line* and divide them by any number that will measure two or mote 
of them ; and write the quotieDts and undivided nunibers in a line be. 
neath. Divide this line as before, and so on, until thene are no two 
nuidbers that can be measured by the same divisor ; then the continual 
product of all the divisors and numbers in the last line will be the least 
eoBimon multiple required." 

The above we have copied from Mr. Adams' Arithmetic ; nearly all 
our arithmetics give in substance the same rule. We will now show 
by an example that this rule may give very different rtesuUs, depending 
upon the divisors used, and of course the rule is in fault. 

BXAHPLB. 

What is the least common multiple of 12, 16, and 24? We will 
work this example in three ways, as follows. 



Ist OPERATION. 

1212, 16,24 



1. 16. 2 



1. 8, .1 



2d OPERATfON. 

8112, 16.24 

3 

2 



3d OPERATION. 



12, 2, 3 



4. 2, 1 



4 

3 
2 



12, 16,24 



3, 4, 6 



1. 4. 2 



1, a. 1 

4X3X2X2=-ffc8 



2, 1, 1 

12X2X8=192 8X3X2X2=96 

These Operations, which are wroosht strictly by this rule, give 192, 96, 
and 48 for the least multiple of 1^ 16, and 24. Hencii the tute is 
wrong, and can not be depended upon^ The least common multiple of 
12, 16, and 24, is truly 48, asjnay be found by either of our rules'. 

3 
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corUinu^ product of the divisofs and the numbers injh^fasf 
JwrixorUal line wiU give the least common multiple* 

EniampUs* 

1. What is tIjLd least common multiple of 29, 35, 42^ 77, 
and 70? 

OPESATION. - 

7128, 35, 42, 77, 70. 



5 
2 



4, 6, 6, 11, 10. 



4, 1, 6, 11, 2. 



2, 1, 3, 11, 1. 

Hence, 7 X 5 X 2x2 X 3X 11=4620, is the multiple sought. 

2. What is the least common multiple of 46/% 92, 374, and 
23? ' Ans. 17204. 

3. What is the least common multiple of 5^ 15, 36, and 72 ? 

Ans. 360. 

4. What is the least common multiple of 11, 77, 88, and 
92? 

5. What is the least common multiple of .14, 51, 102, and 
500? 



12« Suppose we wish to find all the divisors of 36, we 
proceed as follows : We resolve 36 into its prime factors, and 
thus obtain 36=2«X3^ 

Now it is obvious, that any combination of 2 and 3, which 
does not make use of these factors in a higher power than 
they Occur in 2^X3' must be a divisor of 36. All such 
combinations can be found by multiplying 14-24-4 by 14^ 
4*9^ performing this roultiplicatiAi^ we ebtaia 
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14.2-1-4 

l-f3+9 

142+4+3+6+12+9+ 18+36. 
Therefore^ the divisors of 36 are 1, 2, 4, 3, 6, 12, 9, 18, and 
36. 

Henoe, to find ail the divisors of any number, we have this 

RULE. 

Resolve the number into its prime factors, form as many se* 
ries of terms as there are prime factors^ hy making 1 the first 
term of any one of the series^ ih^ first power of one of the prime 
factors for the second term, the second power of this fa/fi/or for 
the third term, and so on, until we reach a power as high as 
occurred in the decomposition* Then multiply these series to* 
gether, (by rule under Art, 4,) and the partial products thus 
obtained will be the divisors sought. 

Examples, 

1. What are the divisors of 48? 

Here we find 48=2^ x 3. Therefore our series of terms 
will be 1+2+4+8+16 and 1+3, multiplyinj^these togeth- 
er (by rule under Art. 4,) we get 

1+2+4+8+16 

1 + 3 

1 + 2+4+8+ 16 + 3+6 + 12+24+48. 

Therefore, the divisors of 48 are 1, 2, 4, 8, 16$ 3, 6, 12, 24, 
and 48. 

2. What are the divisors of 360 ? 

A«a n» 2, 4, 8, 8, 6, 12, 24, 9, 18, 36, 72, 

-^®- I 5, 10, 20, 40, 15, 30, 60, 120, 45, 90, 180, 360. 

3. What are the divisors of 100 ? 

Ans. 1, 2, 4, 5, 10, 20, 25, 60, 100. 
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4. What are the divisors of. 810 ?. 

5. What are the divisors of 920 ? 

6. What aiB the divisors oC840? 



ISm Since the series of terms, which we multiplied to- 
gether by the last rule, to obtain the divisors of any number, 
oomiaenc^d with 1, it follows that the number of terms in 
each series will be one more than the units in the exponent of 
tfaiafaotor used; 

Hence, to find the number oMvisors of any number, with- 
out exhibiting them, we have this 

RULK 

Resdve the number ifUo iU prime faetorSf increase the e»i 
ponenU by a tmtf , and then take their continued product, and 
it unU express the number of divisors. 

Example* 

I. Hbw^iaany divisors has 4320? 

4320=2' X 33 X 5. In this case the exponents are 5, 3i 
and 1, each of which being increased by one, we obtain 6, 4, 
and 2, the continued product of which is 6 X4X2=48, the 
number of divisors sought; 

3. How many divisc»&has 300 ? Ans. 18. 
8. How many divisors has 3500 1 Ans. 24. 

4. How many divisors has 182000? Ans. 100. 

5. How many divisors has 824 ?^ 

6. How many divisors has 1172 ? 
7« How many divisors has- 6336? 



wiiOAB ntAcnoin< - - 25 



CHAPTER II. 

FRACTJON8. 
14:« A fraction is an ^pression repteeenting a part of a 



unit. 



VULGAR FRACTIOKS, 

15» ^ Vulgar fraction consists of two numbers, the one 
placed above the other as in division. 

The number above the line is' called the numerator ; the 
number below the line is called the denomimtor. 

Thus, f is a vulgar fraction, whose numerator is 5, and 
whose denominator is 8 : it is Teadfive'eighths* 

The denominator shows how many parts the unit is divided 
into ; and the numerator shows how many of these parts ate 
used. 

Thus, f denotes that the unit is ilivided into 8 equal parts, 
and that 5 of these parts lire used. 

When (be numerator is equal to the denonanator the frac- 
tion is equivalent to a unit. Thus, |, |), f i «nd f|, are each 
equivalent to !• . 

When the numerator is less than the dienomiiiator, the value 
of the Gractionislessthanaunit; it is then called u proper 
fraction. 

Thus, f, Hf, }f, and ||, are each proper fractions. 

When the numerator is larger than the denominator^its 
value is then more than a unit ; it is therefore called an An- 
ph)per fracHon. 
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Thius f, }, y , and ||, are ^acb improper fractions. 

A fraction of a fraction, connected by the wo^d ofj is call« 
ed a coitipoand fraction. 

Thus, f of i of ^ of j, i of f off and ^ x)f H of f , are 
compound fractions. ' , , 

A fraction is said to be inverted^ when the numerator and 

the denominator change places. 

Thus, the fractions fj^, V»^^<^ i» ^^^^^i^ inverted, become 
IJ,^, and f. .- -^ 

Any integer may t^ke the form of an improper fraction, 
by wri^ng a unit iot its d^iominator. - , 

Tlius, 6, 5, .3^ and 1 1, are the same as the improper frac- « 
tionsf, f, f,and y. . 

A number cdnsidtttig of an iatsger and fraciion» is called a 
mix^d number. 

Thus, 4^, 5}, 6f, ai»d iaf|, are mixed wanbers. They 
may also be written 4+i, 5+^, 6+4, and 13+H- 



REDUCTION OF FRACTIONS. 

'!•• Since the value of a fraction is the quotient arising 
from dividing the numerator by its denominator, We may in. 
§6t the followiog propositions. ^ 

I. Tliat, multiplying the niimeriitor of a fraction by any 
number, is the same as multiplying the value, of the fraction 
by the same hob^f. 

n. That, multiplying the denominator 6f a fraction by apy 
number, is th^ same as dividing the value of the fraction by 
the same number. f " * . 

ni. That, multiplyipg both numerator. and denomina|prby 
the same number, 4Qes not alter the value of the fraction. 
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lY. That, diytdiqg the numerator of a firaction hyany 
number, is the same as dividing the value of the firaction by 
the same number. 

V. That, dividing the denominator of a fraction by any 
number, is the same as multiplying the value of the fraction 
by the same number. 

VI. That, dividing both numerator and denominator by 
any number, does not alter tiie value of the fraction. 



iy« When the. numerator and denQmiimlor cf a fraction 
iiave na common measure, it is said to be in its Jawe^ termf. 

To reduce simple frftctions to their lowest terms, we have 
the following 

KUIiE. 

Dhnde hath numerator and denominator hy their greater 
common measure^ {fomid hy one of the rides under Art, 8, or 9.) 
7%M division will not alter the value of the fraction, (Ptop, 
VI.Art^ie.) 

Examples, 

1. Reduce j^ to its lowest terms. 

In this example we find the greatest comm<m measure of 

Zi6 and 425, to be 25. ^ 

Diridiog both numerator fmd denominator by 25, ve find 

, 2. Reduce J||| to its . lowest terms. Ans. |. 

, 3. Reduce ^f^ to its lowest terms. Ans. -f^. 

4. Redqc©.||^jQ its lowest tetmf. Ans. |. 

5. R^uee mmt^ii^ low^ttf^rwn, <Mkm «*«• 
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6. Redace f^fjf to its lowest terms. 

7. Iloduce ^VW ^ ^^ lowest temis. 
8* Reduce ^^^. to its low^ tetms. 
0» Reduce f f|{ to its lowest tenns. 



18« To reduce an improper fraction toi a mixed number» 
we have this  , 

RULE. 

Divide the tameratar by the denommaiotfihe quotient mil 
he, Ihe integral pari of the nUa^d number, ne renudnder 
placed ooer thedettomi$vatorofthe imprcgper fra^ioUf will form 
the fractional parf* 

The dorrectnesa of the above rule is obvious from, consider- 
ing that the value of a fraction i^ the quotient arising from 
dividing the numerator by the denominator. . 

Exampieu 
1« Reduce y to a mixed number* 

Dividing 17 by 4, we. obtain the quotient 4, with the re* 
mainder 1 ; •*• the mixed number equivalent to y is 4;^ or 

2. What mixed number Is equivalent to i|i ? 

Ans. 18f. 
___ *■ ' " . * 

3. What mixed number is equivalent to i^^*' T 

• Ans. 1122t^. 

4. What mixed number is equivalent to 'ff^'' T 

Anf.81JH. 

5. Whiit mixed number is equivalent to y^i ? 

, 0. y/fhsLi mixed amnber is cquindent to VVV ^\. ^ 
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7. What mixed Quraber is^qol^alent to ^ff^ t 

8. 1¥hat mixed' number is equivalent to ^^^.J^* ? 
0. What mixed number is equivalent to '^^ " ? 

1 0. What mixed, numbec is equivalent to ^ f f f^' ? 

11. What mixedmumber is equivalent to ^-^i^^ I 



10« To reduce a mixed number to its equivalent improper 
fraction, we have thi» 

RULE. 

Midiiply the iraegral part of the mixed number hy the dC' 
nomiruUor of the fractional part, to the product add the numer- 
ator of the fradkmal part^ the 9um will he the numerator tf 
the improper friction ; under which place the denominator of 
the fractional part. 

This rule is obviously correct, since it is the reverse of the 
rule under Art. 18, where a reverse operation was required 
to be performed. 

Examples* 

1. Reduce 1^4 to an improper fraction. 

Multiplying the integer 13 by the denominator ?» wd ob- 
tain 91 ; to which, adding the numerator 6, we get 97 for the 
numerator of the improper fraction; •••the improper fraction 
cfqtiivaleiit to 13f is y^ 

2. What improper fraction is equivalent to 1278^^? 

Ans. 38J5, 

3. What improper fraction is equivalent to 189104 ^ 

Ans, » 31^^7 4, 

ir What improper fraction is equivalent to 492536|^? 

Ans. «*V8 ''•• 
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5. What improper fraction 10 eqoivaleot to ^^VW ^ 

6. What improper fraction is equivalent to 11^^<^? 

7. What improper fraction is equivalent to Sd^H^ ? 

8. What improper fraction is equivalent to 975^^-^ ? , 

9. What improper fraction is equivalent to ^^^^y^^ 

10. What improper fraction is equivalent to 1 1223344/;^? 



20» Reduce the compound fraction j of ^ to its equiva- 
lent simple fraction. 

i of ^j can be obtained by dividing the value of the frac- 
tion ^Y ^y ^9 which (by Prop. II., Art. 16) can be effected by 

17 7 

multiplying the denominatcMr by 4 ; .% --of — == 



4 11 4X11* 

Again f of ^ is obviously three times as great as j^ of ^j ; 

7 
.*. to. obtain J of ^ we must multiply by 3, which 

(by Prop. I. Art. 16) can be done by multiplying the numer- 

, « , u 3 ^7 3X7 21 
ator by 3 ; hence, we have -of — r= = — , 

^ 4 11 4X11 44 

Hence, to reduce compound fractions to their equuralent 
simple ones we have this 

RULE. 

Consider (he word of, which connects theJtacUondl parts f as 
equivalent to the sign of multiplication. Then multiply aU the 
numerators together for a new numerator ; and aU the denom* 
ituUors together for a new denominator. Always observing to 
rejectf or cancel^ such factors as are common to the numerators 
and denominators ; which is the same as dividing hath numer^ 
ator and denominator by the same quantity^ and (by Ride under 
Art. 17) does not change the value of the fraction. 



lEvamples. 

1.^ Reduce i of | of ^ of -j^ to its equivalent dimple fractioB. 

SAibstilatiAg Ihesign of iBViltipKcatiAii'fof the woird 0/4 we 
get I X I >^ ^ X J^. First, cancelling the 8 of the numemtor 
against .the 2. aad 4 of the ' denominator) by drawing a line 

I Q fib 5 

aesoss them, we get ^ x ^ x -^ x _ Again, cancelling the 

3 ^ 15 12* 

3 and 5 of the numerator against the 15 of the denominator, 
we finaUy obtain 1 X ?. X A X A= J. 

2. Reduce ^ of |^ of j^ of f of /y to its simplest form. 
Firsty cancelling the 7 and 5 of the numerator against 35 

of the denominator, we get _ x 5- x - x - x ^ . Again, can- 

celling the 7 of the denominator against a part of the 14 of 

the numerator, and the 3 of the numerator against a part of 

2 

the 9 of the denominator, we obtain _x^x-x^x— • 

? )9 8 ^ 11 

8 
Finally, cancelling the 2 and 4 of the numerators against 8 of 

the denominator, ^e get J x ^ x J x ^ X ^=^. 

3 

XoTS. — ^We have written our fractions several times, In order the 
more clearly to exhibit the proeees of cancelling. Bat in practice 
it will not be necessarj to write the fraction more than once. It will 
make no difierence which of the factors are first cancelled ; when all 
the common factors have in this way been stricken out, the fraction will 
then appear in its lowest terms. 

The student will find it to his interest to perform many ezamplca of 
this kind, asthispriiieiple of cancellinsp will b^ extensively employed in 
the sucoeeding parts of this work. 



32 

3. Reduce ^ of ^ of |f of || of t^ to its simplest form. 

Ans. ^. 

4. B«diice I of} of H ^ V ^lof^off to its simplest 
finvD. Aos. If. 

5. Reduce ^V ^^ i ^^ V ^ H ^ iV ^^ '^ simplest jform. 

AllS»|^T* 

6. Reduce ii of ^^ of } of |f to its simplest form. 

7« Reduce } of f off of ^ of |1 to its simplest form. 

8. Reduce } of I off off off off off of f toitdsimiriest 
form. 

9. Reduce ^ of y of ff of if to its simplest {otm. 

10. Reduce f of if of ff of f f to its simplest form. 



21« To reduce fractions to a common denominator, we 
have this 

RULE. 

Reduce mixed numbers to improper fraeiianSf compoundfraC' 
turns to their simplest form* Then multiply each numerator 
by aU the denominators, except ils ovm^for a new numerator; 
and aU the denominators together for a common denominator* 

It is obvious that this process will give the same denomina- 
tor to each fraction, viz : the product of all the denominators. 

It is also obvious, that the values of the fractions will not 
be changed, since both numerator and denominator are muUi- 
plied by the same quantity, viz : the product of all the denom- 
inators except its own* 

Examples. 

1. Reduce ), f off, yy, and f of f to equivalent fractions, 
having a common denominator. 
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These fractions when reduced to their sidaplest form are 
J,|,^,andf. 

The new numerator of first fraction islx3XllX 9=297. 

« « « second fraction is2X2Xllx 9=396. 

« " « third fraction is 3 X 2 X 3 X 9=1 62. 

« « «< fourth fraction is 2 X 2 X 3 X 1 1=132. 

The common denominator is2X3XllX 9=594. 
Therefore, the fractions when reduced to a common denom* 
inator are HJ, If f , Hf , and i|i. 

2. Reduce f of |, it of y , and ^f to equivalent fractions 
having a common denominator. 

2009 1968 '^aMO 
Ans. 2296' 8296' 2296' 

3. Reduce p., ^ of ^, and t^ to equivalent fractions having 

J • X A 5117 6149 , 7667 

a common denominator. Ans. g^, ^^, and |^. 

4. Reduce ^, ^, ^ and ^, to equivalent fractions hav- 
ing a- common denominator. 

73 83 97 

5. Reduce ^ ^^ and ^ to fractions having a common 
denominator. 

6. Reduce ^, and j^ to fractions having a common do- 
nominator. 



22* To reduce fractions to their least common denomina* 
torSf we have this 



RULE. 



Reduce the fractions to their simplest form. Then find the 
least common mtdliple of their denominators^ {by rvie under Art. 
10, or rule under Art. 11,) which will be their least eom$non 
4 
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denommator. Divide this common denominatorhy the respective 
denommators of the given fractions^ mtiUiply the quotients ky 
their respective numerators^ and the products wUl he the new 
Tfumeratiors. 

The correctness of the above rule may be shown in the same 
way as was the preceding rule. 

Examples^ 

1. Beduce ^oi ^ of ^j, ge^an^ jy to equivalent frac- 
tions having the least common denominator. 
These fractions when reduced to their simplest form become 

1 8 7 

^ ^ and -r^ The least common multiple of the denpmina* 
tors 8f 20| and 15, is 120=common denominator. 

New numerator of first fraction is ^f<»xissl5. 
«* « second fraction is ^^ X 3=18. 

" « third fraction is ^* X 7=56. 

Hence the fractions, when reduced to their least common 

denominator^ become ix5-» TSTt ^'^d t5T» 

2. Reduce } of f , 4|» and -^j to equivalent fractions having 
a common denominator. Ans. }} , f ^y and -^^. 

3. Redace | of y^ of f | of f f , } |, and 7} to fractions having 
the least-common denominator. Ans. if, |^, and ^^. 

4. Reduce {i of f f pf ^ of y , 6 j, and ^ to fractions hav. 
ing the least common denominator. 

Ans. f , y , and ^. 

. 5. H^uce> of if of A of «, A of A. and ^ of H ^ 
fractions having the least common denominator. 

6. Reduce V» ^^4> ^^^^ "^A ^ fractions having the least 
couuaon denominator. 
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7. Reduce } of ^ of f f of |f 3^, and 10,^ to fractions 
having the least common denominator. 

8. Reduce ^{, |f of ff , and |f to fractions having the least 
common denominator. 

9. Reduce 3^, 5|, 5i, and 11^ to fractions having the 
least common denominator. 



ADDITION QF FH A CT lOliTS. 

23. Suppose we wish to add ^ and |r We know that so 
long as these fractions are of different denominations they 
can not he added; we will therefore reduce them to a common 
denominator, we thus obtain ^=i| ; |=||. Now, taking 

their sum we get ^+a^|j+||=15^=|}:=:1A. 

Hence, to add fractions, we have this 

RULE. 
Reduce the fractions to a common demmtnatOTf and take the 
sum of the numerators^ under which place the common denom* 
inator, and it wiU give the sum required^ 

Examples. 

1. Add the fractions | off, u* of V^ ^^'^ ^h 

These fractions reduced to their least common denomina- 
tor are A, A, and \\ ; and their sum is ltl±2?==:?^=:6. 

2. Add the fractions i^r, |, y«j, and Jy. Ans. Jf=2^. 

3. Add the fractions f of ^^ tV^and 4}, Ans. f|=5^. 

4. Add the fractions f , |, if, and fr* Ans.ff f J=2J-|f J. 

5. What is the sum of ^, if, and ^ ? 
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6. What is the sum of |^f , iHfBnd i 1 

7. What is the sum of f f ; |f , and | ? 

&; What is the sum of } of 4i, ^^ of 6|, and f ? 

9. What is the sum of }, i, i, |, f , and -^ ? 

10. What is the sum of i, i, |, |, f , and ^ 7 

11. What is the sum of 1}, 2i, 3|, 41, and 5| ? 



SUBTRACTION OF FRACTIONS. 

24. To subtract one fraction from another we have this 

RULE. 

Reduce the fractions to a common denominator^ and subtract 
the nuimerdtor of the suhtrahendfromihat of the minuend ; place 
the common denominator under the difference. 

Examples, 

1. From fV subtract ^\. 

These fractions, when reduced to th^ir least common de* 
nominator become ^, ^ .-. A— A=^t— 3Vt==3It* 

2. From J J subtract ^. Aps. y'^V- 

3. From 2f subtract ||. Ans. ^=lfj. 

4. From f of ^^ off subtract } of ^. Ans. ^. 

5. From^ subtract j\. Ans. ^i^ai. 

6. From ^ subtract y^^. Ans. iVffVVffi 

7. From 4J subtract ^. 

8. From 3^iiubtract 2|. 

9. From I of 4J subtract f. 

10. From ^of^ subtract || of ^. 

11. From Vs o^ i subtract ^7. 

12. From |^ subtract |f . 
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MULTIPLICATION OF FRACTIONS. 

25. Multiply 1 by 4. 

We have seen (under Art. 20) that } multiplied by f is the 
same as ] of f : Therefore we must use the same rule for 
multiplying fractions, as we would for reducing compound 
fractions. 

Hence, to multiply together fractions, we have this 

RULE. 

Multiply all the numerators together for a new numerator^ 
and all the denominators together for a new denominator : ail* 
ways observing to reject^ or cancel^ such factors as are common 
to both numerators and derwminators* 

Examples* 

1. Multiply together the fractions ^^, |f , {, *and i* 

3 22 1 1 
Expressing the multiplication, we obtain — x Zf x 1 x - 
^ ^ r f 11 21 9 8* 

Canceling the 3 and 7 of the numerators, agtiinst 21 of the 

denominators; also the 11 of the denominators against a part 

2 

of the 22 of the numerators,we getA x ?? x ? x ^— ^ — ^. 

^ II U ^ ^ »X3 27 

2. Multiply together the fractions ^, 2A, i|, and f • 
Indicating the multiplication, we get — X — ^ — X— Can- 
celing the 11 of ihe denominators, against a part of the 55 
of the numerators ; also the 7 of the numerators, against a 

5 

* 21 ^^ 4 
part of 35 of the denominators, we obtain — - x — - X ^ x _. 
^ U H 4Sl 9 

5 
Again, canceling &e 6 which is common to botii numerators 

8* 



88 HIGHSB ARXTHXSTIC. 

and denominators ; also the factor 7, which is common to 21 
of the numerators and to 42 of the denominators, we get 
9 $ ^ 

Z. y — y — y - Finally, canceling the S of the numerators, 

$ 6 
against a part of the 9 of the denominators ; and the factor 2, 
which is common to the 4 of the numerators, and to 6 of the 
denoroinators,we obtain 

) 2 



1l^Uy$$^4^ 2 _2 
n t$ 3X8 9 

8 ^ 

NoTK.— A little practice will enable tbo stadent to perform theie op- 
erations of eancelinsr with great ease and rapidity. And since, as was 
remarked under Art. 20, it is immaterial which factors are first canceled, 
the simplicity of tlie work must depend much upon his skill or ingenuity. 

3. Multiply together the fractions ^, -j^, and x|. 

Ans. ^. 

4. Multiply together the fractions i J, if, |f , and ^. 

Ans. ^. 

5. Multiply together the fractions ^, SJ, I of Jf , and ^. 

Ans. yI fy. 



DIVISION OF FRACTIONS. 

26. Divide 4- by f. 

We know that 4 <?an be divided by 5, by multiplying the de- 
nominator by 5, (see Prop. IL, Art. 15,) which gives;^^. 
Now,fincef is but one-eighth of 5, it follows that 4 divided by 
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f must be eight times as gteat as 4 divided by 5 : ••• ^ divided 

by I must be — - From this we see that 4 has been mul- 
^ ^ 7X5* ^ 

tiplie^ by | inverted. 
Hence, to divide one fraction by another, we have this 

RULE. 

Reduce ihe fraetwns to their simplest form. Invert the du 
tiswr, and then proceed as in muUiplieation. 

Examples. 

h Divide f J by |f . 

Inverting the divisor, and then multiplying^ we obtain {^ 

X lit which, by canceling^ becomes ?? x — =-. 

4 2 
2. Divide m by jJC^* ^^^' ""V =30^. 

8. Divide H by ^. Ans, ^^^ =2Jf *J. 

4. Divide 14 by V- Ans. ^. 

6. Divide 4J by 17^. Ans. ^^. 

6. Divide i of 4^ by | of |. Ans. %« =4|t. 

7. Divide 4 off of 7 by y of 6. 

8. Divide H by |f . 

9. Divide i of } of 1 by | off. 

10. Divide ^ot ^ot^fhy /y. 

11. Divide tIt of if l>y3i 



40 HIGHER . AfiITHMETIO« 

COMPLEX FRACTIONS. 

27« Sometimes fractions occur in which the numerator 
or denominator, or both, are already fractional. 

2 i 1 i 

Thus, -^ 1, ^, and X: such fractions are caMed complex 

* 5 * i^ 

fractions, ,, 



REDUCTION OF COMPLEX FRACTIONS. 

28* Since the value of a fraction is the quotient arising 
from dividing the numerator by the denominator, it follows 

that - is the same as 2-5-4= y =^l- Again, l^j-r J=f . 
f i 

Hence, to reduce a complex fraction to a simple one, w6 

have this 

RULE. 

Dioide the numerator of the complex fractum hy the denomin' 
ator, according to rtde under Art. 36. 

Examples. 

1. Reduce -:! to a simple fraction. 

Dividing 4i=f by 8J= V, we get |J=1 A- 

2. Reduce i to a simple fraction. Ans. n. 

3. Reduce Jl to a simple fractiop. " Ans. ff =3} J, 

4. Reduce -I to a simple fraction. Ans. V/=lf|. 

5. Reduce JL to a simple vfraction. Ans. Ih 
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6. Reduce -f^L to a simple fraction. Ane. f f. 

7. Reduce — i- to a simple fraction. 

8. Reduce 1—^ to a simple fraction. 

9. Reduce 1 to a simple fraction. 

10. Reduce — H to a simple fraction. 

1 1 L 



REDUCTION OF FRACTIONS TO A GIVEN DENOMINATOR. 

29« Suppose we wish to change | to an equivalent frac- 
tion having 6 for its denominator. 

It is obvious, that if we first multiply | by 69 and then divide 
the product by 6^ its value will not be altered. By this means 

4 vfi «3 
we find that |=iJ^=-i.. 

Hence, to reduce a fraction to an equivalent fraction hav. 
ng a given denominator, we have this 

RULE. 

Multiply iJie fraction hy the number which is to he the given 
denominator, (see rule under Art^ 25,) under which place the giv- 
en denominator, and it wiU he the fraction required. 

Examples* 

1. Reduce f to an equivalent fraction, having 8 for its de« 
nominator. 

In this example, we first multiply 4 by 8, which gives V ; 
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thereforef placing 8 under y we-get X. for the fraction re- 
quired. 

2. Reduce rr to an equivalent fraction having 12 for its de« 

nominator. Ans. -L[ 

12' 

3. Reduce || to an equivalent fraction having 7 for its 

denominator. Ans. JJU 

7 

or II ' 

4. Reduce }, -^, h and -1 to fractions having 12 for 

their common dc^noniinators. Ans. rs* it' m" « ^^^ A* 

5. Reduce 7, tt* fi* <^^ r? to fractions having 100 for 

11* 9-^ 7-^ 5— 
their common denominator. Ans. — -I' ^' --11^ and -IL 

100 100 100 100* 

6. Reduce |, i, 2, j, and ^ to fractions having 80 for their 
common dencmiinator. 



REDUCTION OF DENOMINATE FRACTIONS. 

30« A denominate fraction is a fraction of a number of a 
particular denomination. Thus } of a foot^ ] of a yard, t of 
a dollar, and f of a shilling, are denominate fractions. 

Reduction of denominate fractions is the changing of them 
from one denomination to another, without altering their 
values. 



31* Suppose we wish to reduce ^^ of a pound sterling 
to an equivalent fraction of a farthing, we proceed as follows: 
Since there are 20 shillings in one pound, it follows that -g}-^ 
of a pound is the same as 20 times -^j of a shilling, and this 
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is alao the same as 12 times 20 times jj^ of a penny ; which, 
in turn, is 4 times 12 times 20 times ^^ of a farthing. Hence, 
■g}^ of a pound sterling is equivalent to ^^ o{^ o(^ oi { 
of a farthing. 

Again, let us reduce } of a farthing to an equivalent fraction 
of a pound sterling. In this case we must use the reciprocals 
of V) V* h ^G thus^nd that | of a farthing is equivalent to 
} of i of ^ of ^ of a pound sterling. 

Hence, to reduce fractions of one denominate value to 
equivalent fractions of other denominate values, we have this 

RULE. 

I. When the given fraction iatohe reduced to a higher de* 
nomtmifion, mtiUiply Uhya compound fraction whose terme are 
the reciproedU of the successive denominate velueSf included 
between the denomination of the given fraction^ and the one ta 
which it islo he reduced. 

II. When the given fraction is to he reduce^ to a hwer de* 
nomination^ then muUij^y it by a con^wundfractum^ whose terms 
have units for their denominators, and for numerators the 
successive denominate values included between the denomination 
of the given fr^action^ and the one to which it is to be reduced. 

Examples. 

1. Reduce f of an inch to the fraction of a mile. 

In this example, the different denominate values between an 
inch and a mile are 12 inches, I6j=^ feet, 40 rodis, and 8 
furlongs ; ••. our compound fraction is ^ of -^j of ^\ of J, 
which multiplied by the given fraction produces f of j\ of ^ 
of ^jof I', canceling the 3 and 2 of the numerators against 
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9 12 1 

a part of the 12 of the denominator we get -x^r^x^x-rr: 

8 if So 40 
2 

x~= uj^4 T* Therefore, } of an inch is equivalent to ttiVtt 
8 

of a mile. 

2. Reduce Tri^ir ^^ ^ ^^^^ <^^y ^^ ^^ equivalent fraction 
of a second. 

In this example the successive denominate values between 
a solar day and a second are 24 hours, 60 minutes, and 60 
seconds ; therefore our compound fractfon is y of Y of y , 
which, multiplied by the given fraction, becomes xtItt ^^ V 
of V of V > ^^^ becomes, after canceling like factors, V of 
a second. 

'6, Reduce i|^ of a yard to the fraction of a mile. 

Ans. yyVv 
4. Reduce H of a gill to the fraction of a gallon* 

Ans. j^. 
6. Reduce Iff of a pound to the fraction of a ton. 

Ans. jVbtt* 

6. Reduce i <tf a mile to the fraction of a foot. 

Ans. 1760 feet. 

7. Reduce i of } of f of a yard to the fraction of a mile. 

Ans. 77^7j-« 

8. Reduce i of | of |f of a gallon to the fraction of a gill. 

Ans. f . 

9. Reduce | of ^ of a hogshead of wine to the fraction of 
a gill. 

10. Reduce i of ^^ of 4}* yards to the fraction of an inch. 

11. Reduce 4- of ^ of a farthing to the fraction of a shilling. 

12. Reduce ^ of an ounce to the fraction of a pound 
avoirdupois. 
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32« To find what fractional part one quantity is of an 
another of the same kind, but of different denominations. 

Suppose we wish to know what part of 1 yard 2 feet 3 
inches is ; we reduce 1 yard to inches, which gives 1 yard 
=36 inches ; we also reduce 2 feet 3 inches to inches, which 
gives 2 feet 3 inches=27 inches. Now it is obvious that 2 
feet 3 inches is the same part of dne yard that 27 is of 36, 
which is fj=i. 

Hence, we deduce this 

RULE. 

Reduce the given quanUtiestoike lowest denomination mention' 
ed in either^ then divide the number which is to become thefrac- 
* tiondl parti by the other number. 

Exam^lee. 

L What part of £3 4j. Id. is %s. M. ? 

In this example the quantities when reduced become jSS. 4«. 
1<2. =769(2. ; and 2a. 6(2.=30d; therefore i^^V is the fraction- 
a} part which 2s. 6d. is of £3. 4^. lA 

2. What part of 3 miles 40 rods is 27 feet 9 inches ? 

Ans. -jf 0^77* 

3. What part of a day is 17 minutes 4 seconds ? 

4. What part of #700 is $5.30 ? Ans. ^{f^. 
^. What fractional part of 2 hogsheads 19 3 pints-? 

Ans. -ylfy. 

6. What part of $3 is 2^ cents ? Ans. y^^. 

7. What part of 10 shillings 8 pence is 3 shillings 1 p^nny ? 

Ans. ^. 

8. What part of 100 aered is 03 acres 2 roods Md 7 rods 
«f land ? Ans. HHi* 

5 
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33. To reduce a fraction of any given denomination to 
whole denominate numbers. 

Suppose we wish to know the value off of a yard ; we know 
that I of a yard equals f of f of a quarter=i of a quarter=l 
quarter 4-i of a quarter. 

Again, i of a quarter equals i off of a nail=2 nails. There- 
fore f of a yard equals 1 quarter 2 nails. Hence, we deduce 
this . 

RULE. 

Muliiply 4he numerator by the units in the next inferior dc' 
nominate value, and divide the product by the denominator ; muU 
tiply the remainder, if any, by the next lower denominate value^ 
and again divide the product by the denominator ; continue this 
process untU there is no remainder, or urUU we reach the lowest 
denominate value. The successive quotients wUlform the sue* 
cesswe denominate values* 

Examples. 

i. What is the falue of f^ of an hour T 
In this example, f*^ of an hour=^ of V of a minute =12* 
minutes. 

2. What is the value of ^ of 1 yard ? 

Ans. 1 quarter 2f nails. 

3. What is the valuctof i off of one mile? 

Ans. I furlong 20 rods. 

4. What Is the value of \ of f of 1 cwt. 

Ans. 1 quarter 12 pounds. 

5. What is the value of j^ of 14 miles 6 furlongs? 

Ans. 2 miles 3 furlongs 26 rods 11 feet. 

6. What is the value of i off of 2 days of 24 hours each ? 

Ans. 9 hours 36 minutes.. 

7. What is ^ value of i of f of y^ of an hour ?'J 

Ann* 5 minutes 37j seconds. 
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CHAPTER III. 

DECIMAL FRACTIONS. 

34* A decimdl fraction is that particular form of a vulgar 
fraction whose denominator consists of a unit followed by 
one or more ciphers. 

Thus, ^, yVy, TiiW» *°d iVi^jf are decimal fractions. 

In practice, the denominators of decimal fractions are not 
written ; but they are always understood. 

Thus, instead of y^, y^hn lih^ ^^^ ttt^j ^e write 0.3; 
0.07 ; 0.037 ; and 0.0001. 

The first figure on the right of the period, or decimal poitUt 
i« said to be in the place of tenths, the second figure is said to 
be in the place of hundredths, the third in the place of thou- 
sandths, and so on, decreasing from the left towards the right, 
in a tenfold ratio, the same as in whole numbers. The fol- 
lowing table will exhibit this more clearly. 

NUMERATION TABLE OF WHOLE NUMBERS AND DECIMALS.* 



333333333 3 3*333333 3 333 
Ascending, j^^ ftjr Descending. 

*This tible if tn accordance with the French method of numbering, where each 
period oHhree flgares changes its denominate valae. 
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Examplee, 

1. Write 7 tenths; 365 thousandths ; 75 millioDths. 

Ans. 0,7; 0.365; O.d00075* 

2. Write 37 hundredths ; 5- tenths ; 3781 ten millionths. 

Ans, 0,37; 0.5; 0.0003781. 

3. Write'43 hundredths ; 3456 ten thousanths. 

Ans. 0.43 ; 0.3456, 

4. Write 13 billionths; 3 ten billionths. 

J Ans. 0.000000013 ; 0.0000000003. 



3 6 « Since depimalsi like whol^ numbers^ decrease from the 
left towards the right in a tenfold ratio, they may be connect, 
ed t(»gether by means of the decimal point, and then operated 
upon by precisely the dame rules asi £cr whole numbers, provi- 
ded we are careful to keep the decimal point always in the 
right pl^ce. 

Annexing a cipher to a decimal does not change its value. 
Thus, 0.3=0.30==0.30QiF=4&c. But prefixing a cipher, is 
the same as removing the decimal figures one place further to 
the right, and therefore,, each cipher thus prefixed reduces the 
value in a tenfold ratio. ^ 

Thus, 0.3 is ten times 0.03, or a hundred times 0.003. 



ADDITION OF DECIMALS. 

36« From what has been said under Art. 35, we deduce 

the following 

RULE. 

Place the numbers so that the decimal points shall be direciljf 
over each other, and then add as in whole mmhers* 
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Examples* 

. !• Find the sum of 47.3; 37.672 ; 1.789101 ; 88.9134 ; 
and O.0037. 

OPERATION. 
47.3 

37.672 

1.789101 
88.9134 

0.0037 



Adb. 175.678201 

2. What is the sum of 0.67 ; 0.0371 ; 47.6 ; 1100.0001 
29.0037 ; 1.000095 ; and 33.033 ? , Ans. 1211.243905 

3. What is the sum of 1.8; 40.06; 120.365; 1100.0001 
47.003; 31.11101; and 3.0001? Ans. 1343.33921 

4. What is the sum of 13.29; 14.2835; 111.117; 4.006 
67.88864 ; and 496.446 ? Ans. 707.03114 

6, What is the sum of 37,346 ; 8.26 ; 7.534 ; 19.0005 
10.94 ; and 103.729 ! Ans. 186.8085 

6. What is the sum of Q. 90058; 7.634; 3.007956; 1.1 

Ans. 12.642536 

7. What is the sum of 47.635; 3.13; 4.5787; 0.003001 
0.40005; and 4112.3789? , Ans. 4168.125651 

8. What is the sum of 17.154; 32.004501; 6.4; 49.345 
and 1.0005? Ans. 105.904001 

9. What is the sum of 4.996; 38.37; 421.6S3; 5.65 
and 4.29 T Ans. 474.939. 

10. What is the sum of 57.41; 365.0001; andl.lOI? 

11. What is the sum of 2.4999; 47.121212; 0.1; and 
411.001? 

12. What is the sum of 433.9 ; 777.5 ; 67.06 ; and 35.88 ? 

5* 
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SUBTRACTION OF DECIMALS. 

37 • From what has been said under Art. 85^ we infer the 
following 

RULE. 

Tlact the smaller number under the larger^ so that the decimal 
jpo?ft< of the one is directly under that of the other. Then pro* 
ceed as in subtraction of whole numbers^ 

Examples. 

1. From 213.5734 subtract 87.657237. 

213.6734 
87.657237 

Ans. 125.916163 

2. From 385.76943 subtract 72.57. Ans. 313.19943. 

3. From 0.975 subtract 0.483764. • Ans, 0.491236. 

4. From 0.5 subtract 0.0003. Ans. 0.4997. 

5. From 96.5 subtract 0.000783* Ans. 96.499217, 

6. From 23.005 subtract 13.00037S. Ans. 10.004622. 

7. From 110.001001 subtract 11.010002. 

Ans. 98.990999. 



MULTIPLICATION. OF DECIMALS. 

38« Let us multiply 0.47 by 0.6. If we put these decimals 
in the form of vulgar fractions they become ^V ^^^ iV \ ^^^ 
multiplied, by rule under Art. 25, give ^^ x j^= j^^^. Now 
it is obvious that there will be, in all cases, as many ciphers 
in the denominator of the product as there are in both of the 
factors added together. 

Hence, the following 
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, RULE. 

Mtdtvply the two factors after the same manner as in whole 

nwiAerSy then point off from the right of the product as many 

figures for decimals as there are decimal places in both the 

factors. If there are not so many places of figures, supply the 

deficiency by prefixing ciphers. 

Examples* 
1. Multiply 3.755 by 1.656. 

OPERATION. 

3.753 
1.656 



22518 
18765 
22518 
3753 

Ans. 6.214968 

2. What is the product of 0.005 into 0.017 ? 

Ans. 0.000085. 

3. What is the product of 0.376 into 0.0076894 7 , 

Ans. 0.0028912144. 

4. What is the product of 0.576 into 0.3854 7 

Ans. 0.2219904. 

5. What is the product of 0.43 into 0.657 

Ans. 0.2795. 

6. What is the product of 3.9765 into 4.378 7 

Ans. 17.409117. 

7. What is the product of 415.314 into 7.30047 

Ans. 3031.9583256. 

8. What is the product of 7.42 into 11.1415 7 

Ans. 82.66993. 
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ABRIDGED MULTIPLICATION OF DECIMALS. 

39. If we miritiply 0.37894 by 0.67452, by the last rule, 
our work will be ais tbllows : 

OPERATION* 



0.37894 


0.67452 


7 


5788 


189 


4TO 


1515 


76 


26525 


8 


227364 




Ans. 0.255602 


6088 



Here it is plain that the figures on the right of the vertical 
line can not be depended upon as accurate, since they are 
beyond the 'sixth place of decimals, whilst the factors are sup- 
posed to be true to only five decimals : iso that if we wish to 
be accurate we must reject all the decimals on the right of the 
vertical liiie. By the rule below, we may perform the multi- 
plication so as to exclude all that part of the work on the right 
of our vertical line, thereby shortening the work, and still 
obtaining the product with the same degree of accuracy as by 
the usual rule. 

Our rule for contracting the work of multiplying decimals 
is as follows : 

RULE. 

I. MuUiply the mtdtiplicand by the left-hand figure of the 
mtdtiplier, 

II. MuUiplp the mukipUcand^ deprived of its right-hand 
figurCf hy the second figure of the multiplier^ counting from the 

left. 

III. MuUiply the multiplicand^ deprived of its two right- 
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handfigures^hy the third figure of the muttiplierfCOUT^gfrom 
^he left. 

Continue this process until all the figures of the multiplier 
have been used. Observe to place the-^ successive products so 
thai their right-hand figures shall be directly under each other. 

Note. — la omitting soceeBsively the different figures on the right 
of the multiplicand, we most so far use thorn as to determine what thes^ 
would be to carry into the next column* 

Examples* 
1. Multiply 0.37894 by 0.67452.- 

OPERATION. 

0.37894 
€.67452 

227364 
26526 
1516 ^ 

7 



Ans. 0.25560^ 

EXFLANATIOX. 

First. We multiply the multiplicand 0.37894 by 6, the 
leflt-hand figure of tbe nMiltiplier, which gives the first partial 
product 227364- 

Secondly. We multiply 0.3789, which^ is the multiplicand 
deprived df its right-hand figure, by 7, the «econd figure of 
the multipliei', observing to carry 3, since the figure cut off 
multiplied by 7 gives 28, which is nearer 30 than 20 : we 
thus obtain 26526 for the second partial product. 

Thirdly. Multiplying 0.378 by 4, observing to carry 4^ 
we obtain 1516 for the third partial product. 

Fourthly. Multiplying 0.37 by 5, observing to carry 4« we 
«Uain 189 for the fourth partial product. 
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FifMy* Multiplying 0.3 by 2, observing to carry 1, we 
get 7 for the fifth partial prodact« 

^. Multiply 0.3785 by 0.4673. 

OPEBATION. 

0.8785 
0,4673 

15140 

2271 

265 

11 



Ana. 0.17687 
3. What is the product of 0.00524486 by 0.99993662? 

OFSRATIOIC. 

0.00524486 
0.99993682 



4720374 

472037 

47204 

4720 

157 

31 

4 



Ans. 0.005244527 

4. Multiply 1G8.2808251671 by 1.9614591767. 

Ads. 212.3684181846. 

5. Multiply 0.009416517988 by 0.999936883996. 

Ans. 0.0094159236548. 

6. Multiply 0.0000375229 by 0.0000276177. 

7. Multiply 0.999936683996 by 0.999955663612. 

8. Multiply 0.587401052 by 0.018468950. 

9. Multiply 91.6264232009 by 0.0172021234. 

10. Multiply 212.3880258928 into itself. 
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DIVISION OF DECIMALS. 

40« In multiplication we have seen that there are as many 
decimal places in the product as there are in both the factors; 
and since division is the reverse of multiplication, it follows 
that the number of decimal places in the qnotient must equal 
the excess of those in the dividend, above those of the divisor : 
Hence, to divide one decimal expression by another we have 
this 

RULE. 

Divide as in whole numbers; and point (^as many places 
from the right of the quotient, for decimals, as the decimal pla^ 
ces in the dividend exdted those of the divisor. If there are 
not so many figures in the quotient as this excess, supply the de- 
ficiency hyprefixing ciphers. 

Examples. 

1. Divide 3.475 by 4.789- 

OFEBATIOir. 

4,789)3.475000(0.725 
83523 

12270 
9578 

26920 
23945 



29/5 

In this example the-ninnber of decimal places in the dividend, 
including the ciphem whreh were annexed, is 6, whilst the num- 
ber of places in the divisor is 3 ; therefore we make 3 places of 
decimals in the quotient. We might continue to annex ciphers 
to the remainder, and thus obtain additional decimal figures. 

2. What is the quotient of 78.56453 divided by 4.78 ? 

Ans. 16.4364 



56 
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3. What is the quotient of 1561.275 divided by 24i3 ? 

r Ans. 64.25. 

4. What is the quotient of 0.264 divided by 0.2? 

Ans. 1.32. 

5. What is the quotient of 3.52275 divided by 8.355? 
6* What is the quotient of 1001.25 divided by 2.25 ? 



ABRIDGED DIVISION OF DECIMALS. 

42. If we divide 0.30679006 by 0.27610603, by the last 
Tule, our work will be as follows ; 

OPEBATION. 

0.27610603)0.30679006(1.111131? 

27610603 

 - 





3068403 
2761060 



307342 
276106 



31236 
27610 



3^ 

70 
03 

670 
603 



3626 
2761 



865 

826 

36 



8 



0670 
0603 



00670 
31809 



688610 
271 610603 

90780070 



2831809 



7948261 



By strnply inspeGting the above work, it is obvious that all 
that parted tbe work which is on the right of the vertical lide^ 
cm 4n no way affect the accuracy of our quotient figures. 



y 



ABBiDaip pxTxsxon or dkcdcals. 57 

By the following rule we may perform the work of division 
00 aa to exclude all that part of the work on the right of the 
Tertical line, tiiereby shortening the work, and still obtaining 
as accurate a result as by the last rule* 

To contract the work in division of decima]s» we have this 

RULE. 

Proceed as in the last ruUf tmiU we reach that pomtrf the 
work where it would be necessary to annex ciphers to the remain- 
der. Then, instead of annexing a cipher to the remainder^ . 
onUt Ae right-hand ^figure of the dnfisor^ and we shaU obtain 
the next figure of the quotient ; and ihus continue^ at each sue- 
cessioe figure of the quotient to omit the right-hand figure of 
the dieisoruntU there is but onefigure in the remainder. 

Examples. 

1 . What is the quotient of 365.424907 divided by 0.263803 ? 

0.263803)365.424907(1385.21892 
263803 



1016219 
791409 

2248100 
2 110424 

1376767 
1319035 

57752 
52761 

4991 
2638 

2858 
2110 

^43 
287 

6 
J5 

1 
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2. WiMt if the quotient of 0.1^3456 divided hj 1.912478 1 

OPBRATION. 

1.912478)0. 123456(0.064558 

114748 

8708 
7650 



1058 
955 

102 

s "6 

4 

■. \ ^ 
8. WkatiAthequotieat of 0.5200006 divided by 0.5260202? 

Ans. 0.9999616. 

4. What is the quotient of 7.45678 divided by 4.56789? 

Ana. 1.63244. 

5. What is tlie quotient of 7.632038 divided by 8.716048 1 

6. What is the quotient of 2 divided by 15.314865? 

7. What is the quotient of 0.926954 divided by 0.3547898 ? 

8. What is the quotient of 18.75892 divided by 6.76897? 



43« To change a vulgar fraction into an equivalent deci- 
mal fraction. 

It is obvious that the rule under Art. 33, will apply to this 
case, by considering all the denominate values as decreasing 
regularly in a tenfold ratio. Hencci this 

AULE. 

Annex a cipher to the flumeratar, and then dimde 8y the 
denominator ; to the remainder annex another cipher, and ogain 
diMe hy the denaminaior: and so condnue mtU there U no 
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remainder^ or until toe haoe tAtahed as many decmalfigufe$ a§ 
may l>e dented. The 9ucceaske fiwiienU i»tt if ibe «urcet- 
«jne decimaljSgures re^uired^ 

Examples. 

1. What decimal fraction is equivalent to jig-l 

10)160(0.0625 Ans. 
96 

49 
32 

80 
86 



2. What decimal is equivalent to ^1 

Ans. 0.05555, itc. 

'3. What decimal is equivalent to ^ ? Ans. 0.05. 

4. What decimal is equivalent to ^t Ans* 0.04. 

b. What decimal is equlyalent to i 7 Ans. 0.8933) «<e. 



43* It will often happeD, as in examples 2 and 5, under 
AsL 42, page 58, that the process will never tenninate^ia which 
case there is no decimal value which is accurately eqaal to tfao 
vulgar fraction. 

Since we constantly multiplied theremaindefs t^l^^it fbl« 
lows that whenever the denominator of the vulgar fraffti^n 
contains no prime factors different from those which eemfio^e 
10, viz. 2 and 5, then the decimal Value will termiiiale. B«t 
in all other cases, the decimal expression must consist of an 
infinite number of figures. 

Hence, to determine whether a given vulgar fraction can 
be accurately expressed in decimals, we have this 
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JtULE. 

Dee&ihpase the denominaiivr of the mUgar frddiion into iu 
prime fdctorSf (by rule under Art. 6,) then^ if there are ruf prime 
fadors different from 2 and 5» the mdgar fraction can be acca* 
ratdy expressed by decimals ; but if it contain different faC' 
torSy it can not be accurately expressed in decimals. 

 ' 4 

Examples* 

1. Can the vulgar fraction .^f^ be accurately expressed in 
decimals? 

In this example we find that 386=2 X 193 ; so that the de« 
nominfitor contains the prime factor 193, which is differeiit 
from 2 or 5 ; consequently, -^f^ can not be accurately express, 
ed in decimals. 

2. Can the vulgar fraction -^^ be accurately expressed by 
decimals? Ans. It can not. 

3. Can the vulgar fractions, having for denominators 640, 
be expressed in decimails accurately ? Ans. They can. 



44« When a vulgar fraction can be accurately expmssed 
in dedmals, we may determine the number of decimal place* 
by the following 

RULE. 

Decompose the denominator into its prime factors^ {bynde 
under Art, 6,) which factors can not differ from 2 and 5, (by 
rtde under Art.' 43.) The highest exponent of ft or 9 wiU U 
the ^tttmb^ of decimal places sought. 

Examples. 

1. How many places ot decimals will be required te ex- 
press ^? 
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In tEis example we find 46=^23 x 5, where the highest ex- 
ponent is 8 ; therefore the number of decimal places is 8. 

2. How many places of decimals will be required to express 
yjjt ' Ans. 3. 

8. How many places of decimals will be required to express 
^j% t Ans. 6. 

4. How many places of decimals will be required to express 

5. How many places of decimals will be required to express 

6. How many places of decimals will be required to express 



45« When the decimal figures obtained by converting a 
Tulgar fraction into decimals do not terminate, they must re- 
cur in periods, whose number of terms can not exceed the 
number of units in the denominator,, less one. For all the 
different remainders which occur must be less than the de- 
nominator ; and therefore their number can. not exceed the 
denominator, less one ; and whenever we obtain a remainder 
like one that has previously occurred, then the decimal figures 
will begin to repeat. Decimals which recur in this way are 
called repetends. 

Wlien the period begins with the first decimal figure it is 
called a simple repetend. But when other decimal figures 
occur before the period commences, it is called a compound 
repetend. 

A repetend is distinguished from ordinary decimals by a 
period or dot placed over the first and last figure of the circu<» 
lating period. 
6* 



) - 
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46* The foDowing vulgar fractions giVe simple rspetendi. 
i=0.3. 
1=0.142857. 

^=0.09. 

^=^0.076923. 

tV=0.6588236294117$47. 

^=0.052681578947368421. 

^=0.047619. 

,^=0.0434782608695652173918« 



47 • The following ones give compound repetende* 
J=0.16. 
A=0.083. 
^=0.0714285. 
Tiy=0.06. 
^=0.05. 
^=0.045. 
Jf=0.0416. 



48* Whenever the prime factors of the denominator of a 
vulgar fraction contain neither of the factors 2 and 5, the 
repetend wiU be simple. Bqtwhen they contain one or both ot 
the factors 2 and 5, tbgether with other factors, then the 
repetend will be compound. 



rVBFBCT BBFETSHD8. 



4Z 



^9^ Thasesimple repeteiids,which have asl many ternif, less 
ittkdt as there are units in the denominator, we shall oall perfect 
repetends* The following are some of the perfect repetends. 

4=0.i4S}85t- 
VV-P.0588235294117647. 
TV=0.(>5263157894736842i. 
^^=0.0434782608695662173913. 
V^»:D.634482758620689655172413793i. 



50« Pbbfect befetends possess some very remarkable 
properties, which we will explain by means of the following 
figure. 



/ 



Tbii circle gives, accurate-^S^ Cr' .,- 
"^ // ^i^b ml ly, the decimal values of all \«^rs W ^ 

29 



<ff» 



(yi 



proper fractions having 29 for thevIM Qj^ JltQ 
^ denominator. >w"'"*-«^ // <5^i 



9o 



5i 



no 
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In this figare, the inner circle of figuresy commencing at 
the Oy directly under fheoHeriikf and counting towards the 
right-handi is the circulating period of ^V« 

The outer circle of figures, commencing at the same point 
and counting in the same direction, are the successive remain- 
ders, which will occur in the operation of decimating ^, (bj 
rule under Art^ 42, page 58.) 

In this circle of remainders, all the numbers, from 1 to 28 
inclusive, occuri but not iti numerical order. 

By inspecting the above figure, we discover the following 
properties, which are common to all perfect repetends. 

L The sum of any two diametrically opposite Jigures, of the 
circle of decimals^ mil he 9. 

//• The sum of any ttoo diametrically opposite termSf in the 
circle ofremamdersy will make the denominator 29, 

in. If we subtract the right-hand fgure of the denominator 
from 1^ and multiply the remainder by any decimal figure of 
the inner circle, the right-hand figure of the product will he the 
same as the right-hand figure of the corresponding remainder of 
the outer circle. 

TV. Commencing the circle of decimals at any pointy and 
counting completely round, it wiU he the perfect repetend of the 
mdgar fraction, ithose denominator is the same as in the first 
case, Imt whose numerator is the remainder in the outer circle^ 
standing one place to the left. 

From the IV. property it follows, that this same circle of de- 
cimals expresses the decimal value of all proper vulgar frac- 
tions yfhoae denominators are 29. 

The following figure, formed from the perfect repetend of 



MBFBCT SBFSTSNIML 



65 



the Talue of ^, posseases similar propeiti^fl to those jurt ex< 
plained. 




Similar circles inay be formed for all perfect repetendg* 



51* If we take the perfect repeiend arising from |» we find 

1=0.142857 
f=0.285714 
f=±=0.42857i 
4=0.571428 
4=0.714285 
4=0.857142 
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Taking (he j^etfect repetend arising from ^ we §wl 

^11^=0.05882352941 17647 
tV =04 176470588235294 
^=30.1764706882352941 
T^=0.2352941176470588 
^=0.2941176470588835 
^=0.3529411764705882. 
^,-=0.4117647058823529 
^^^^=0.4705882352941 176 
^=0.5294117647058828 
^4=0.5882352941 176470 
fj =0.6470588235294 117 
41=0.7058823529411764 
1^=0.7647058823529411 
J4=s0.82352941 17647058 
14=0.8823529411764705 
14^0.94 1 1764705882352 

Nvn.-— The I., II.« aod III. of the aboTe propei^iea of perfdet r&p§^ 
tmtd^hKwe never been noticed bj any author. I have given an algebra, 
ie demonstration of these properties, as well as several others, wbieh 
was published in the American Journal of Science, Vol. 40, No. 81. 
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52* When many figures in the decimal are required^ we 
may proceed as follows : 

Required the decimal value of ^. 

r 

Operating by the rule under Art. 42, page 58| we get 

OP&BATION* 

29)100(0.03448 
87 

l30 
116 

140 
116 

240 
283 

. "~8 • 

We have continued this process until we have found a re- 
mainder consisting of but one figure ; placing this remainder, 
when divided by 29, at the right of the quotient, agreeably to 
the usual rules of dtvisibn* we get, 

I. ^V=0-0^^^37V* Multiplying this by 8 we get A=== 
0.27586^. Substituting this value of ^ in L, we get, 

IL ^^=0.0344827586 J»^ ; this, multiplied by 6, gives A 
s=s0.2068965517^'V ; which substituted in II. gives, 

III. ,V=0 03448275862068965517^. Again, multiplying 
this by 7, we get ^^=0.24137931034482758620}^, Suhsti. 
tttting this in III. we get, 

IV. 7V=0.0344827586206896551724137931034482758' 
620|f . 

We shall gain nothing by continuing this process farther, 
■mee (by Art. 45) we know that the decimal figures can not 
extend beyond 26 places without repeating ; in this case the 
number of places in the repetend is exactly 28 : it is therefore 
a peffect repetend. 
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63* There is another way of decimating, which it as fol- 
lows: 
Decimate ^. 
According to rule under Art. 42, we find 

»r)100(0.01 
97 

8 

To continue the process we must add ciphers to this remain- 
der, in the same way as we did to the numerator, 1. Now 
the remainder being 3 times as large as the first numerator, 
it follows that the next two decimal figures must be 8 times the 
two just obtained, that is 8 X 01=03 ; and for a similar rea. 
spn we must multiply 03 by 3 to obtain the next two figures, 
and so on. Proceeding in.this way we fykd 

^=0.0103002781 

243 
729 
2187 
6561 
^ &c* 

fV^0.010309278d50515261 dec. 

Decimating | by the above plan we get 

i==r0.248 
16 
82 
64 
128 
256 
dec 



2=0.24999 dec., wbteh will conr 
stantly approximate towards 0.25; hence JaBO.26. 



/ 
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DecimatiDg | by this method we get 



16 
32 
64 
128 
256 



0.12499U9<kc. which wiQ con- 
stantly approximate towards 0*125. 



54. To change a decimal fraction into an equivalent 
Tulgar fraction. 

CASE I. 

When the number of places iajinilej, we can, from the defi- 
nition of decimal fractions, Art, 34, deduce this 

RULE. 

Make the given decimal the numerator of the wlgar fraction^ 
and for its denominator write 1, with as many cijphers annexed 
as there are decimal places. 

Examples. 

1. What vulgar fraction is equivalent to the decimal 
0.0625? 

tWAf <>f rf Ho 5 this reduced by rule under Art, 16, gives 
^ ; therefore 0.0625=^. 

2. What vulgar fraction is equivalent to the decimal 
0.134? Ans. ^. 

3* What vulgar fraction is equivalent to the decimal 

0.00125? Ahs.yiy. 

4. What vulgar fraction is equivalent to the decimal 

0.0256? Ans.^. 

7 
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5. What vulgar^ fraction is e(]pivaleoi to tbe decimal 
0.06248? 

6. What vulgar fraction is equivalent to the deoimal 
0.001060 T 

CASE 11. ^ 

When the decimal is a sifnpk repciend. 

Since jt=»0.i, it follows that O.imust =J, 0.a«}, 0.4a« 
-}, and so on ; Hierefore a simple repctend of one term, is equiv- 
alent to the vulgar fraction whose numerator is this term, 
and whose denominator is 9. 

Again, YV==^*^i» consequently 0.07=a^, 0.46sb|{, and mo 
on for other simple rcpeteods of two places of figures. 

In a similar manner we infer that 0.492a=xf f |. Therefore, 
we have the following 

RULE. 

Make the repetend the numerator j and for the denominator 
write aa many nines as there are places of decimals. 

Examples. 

1. What vulgar fraction is equivalent to 0.72? 

}| ; this, reduced by ru|e under Art. 17, becomes ^. 

2. What vulgar fraction is equivalent to 0.123 ? 

3. What vulgar fraction is equivalent to the repetend 
0.027 ? Ans. J^- 

4. Whal vulgar fraction is equivalent to the repetend 
0.142857? An8.|. 

5. What vulgar fraction is equivalent to 0.012345679 ? 
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«• What vulgar fraction is equivalent to 0.0123456789? 

CASE III. 

When the decimal is a compound repetentU 
In this case we obviously have the foUowlDg 

RULE. 

Firsifjind the mdgarjractums which is equivalent to tlie deci- 
mal Jigures which precede those thai drculatef In/ rule under Case 
ly of this Article^ 

Secondlffffind the vulgar fraction^ which is equioalent to the 
circulating part of the decimal^ by rule under Case II, of this 
Article'; to the denominator of this f reaction annex as many 
ciphers as there are decimals which precede the circulating part 
of the repetendj then add these two fractions together. 

Examples. 

1. What vulgar fraction is equivalent to the compound 
repotend 0.34» ? Ans. AV+ »lT=m=H^ 

2. What vulgar fraction is equivalent to the compound 
npetend 0.087837 7 Ans. ^« 

• 

9. What vulgar fraction is equivalent to 0.088 ? 

Ans. 3^. 

4. What vulgar fraction is equivalent . to the compound 
repetend 0.0357i42857 7 Ans. ^. 

5. What vulgar fraction is equivalent to the compound 
repetend 0.07142857 

6. What vulgar fraction is equivalent to 0.123456 7 
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. CHAPTER IV. 

CONTINUED FRACTIONS. 

55« KwQ divide both numerator and denominator of the 
fraction {| j^ by the nnmerator, we obtain, 

351 1 



I. 



065"" 2 -f 268 



351. Again, performing the same operaiioa 



263 1 



upon Jhe fraction |f f, we find ___« 



851'~1+ 88 



263 ; this ralue of 
}|f substituted in I. we get. 

851 1 



11. 



965""2+l 



H-88 



263, Again, we find J?.^l 



268*~24-87 

8d;wbic]i 
substituted in II. givesa 

III. ?51-L_ 

966"*2-H 



1+2 

2-f87 ^ 

— ' 87 1 ' 
88- Again, ;^ — . 

^ 88""1+J. 

87; this raUM 
substituted in III* we finally obtain 



IV. 
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351 1 , 

y65~2 + l 



1+1 



2+1 



1+J_ 

87* 

157 



By a similar process we find that 



972 6+1 



5+1 



4+1 



3+1 
2* 



Such fractions as the above are called continued fractions* 

In the last Example, the parts J^, |, i, &c. are called the 
firsts second^ thirds &c. partial fractions. 

If we seek for the greatest common measure of the numer- 
ator and denominator of the &rst fraction |f |, by the rule un- 
der Art. 9, we shall obtain, 

OFERATIOir, 

351)965(2 
702 

263)351<1 
263 

88)26'3(2 
176 

. ' 87)88(1 

1)87(87 . 
87 


Here we discover that the successive quotients are the 

> 

same as the successive denominators of the partial fractions, 
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which compose* the continued fraction already drawn front 

Hh 

Hence, to convert a vulgar fraction into a continued frac* 

tion, we have this . 

RULE. 

Seek^ by rule under Art, 9, the greatest common measure of 
the numerator and denominator of the gveen fraction; i^ re- 
ctprocoU of the successive quotients wiUform the partial frac- 
tions which constitute the continued fraction required. 

Examples. 
1. Convert ff j- into a continued fraction. 

OPEBATION* 

251)764)3 
753 

11)261(22 
22_ 

SL 
22 

9)11(1 
9 

2)9(4 
8 

1)2(2 
2 


The partial fractions are i^ ^, \^ i» }» therefore we shall 

have ?^1 

764 8+ J 

22+1 

.1 + 1 

4+l__ 
2 



y 
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2. What continued fraction is equivalent to JJ|f T 

1 



Ans* 



3+1 



7+1 



1 + 1 



2+1 



4 + 1 



5+1 



1 + 1^ 
2? 
8. What continued fraction is equivalent to \W ? ^ 

1 



Ans. 



1 + 1 



1 + 1 



2+1 



1 + 1 



1+1 



7+l_ 
2. 



4. What continued fraction is equivalent to ^ ? 

1 



Ans. 



3+1 



1 + 1 



2+1 



4+1^ 
5. 



56» Let us now endeavor to reverse the foregoing process, 
that \B^ let us seek the vulgar fractTon which is equivalent to 
a continued fraction. 
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1 



If we take the continued fraction 



2+1 



3H-1 



4+j_ 
5, 
and omit all but the first partial fraction, its value will be* 
comei=i. 

Again, omitting all but the first and second partial frac- 
13 



iionSf we find 



2+1 7 



Again, inc)udiog one more partial fraction, we obtain 
1 _13 

2+2 30* 

4, 

1 es 



When we include the whole^ we find 



2+1 167 

8+1 



4+2^ ' 

^> 
Our successive values obtained in this way, are J, ^f, ||, 

and VVV- 

These values may be derived in the following manner: 
Take the first partial fraction for the first value, multiply both 
numerator and denominator by the denominator of the next 
partial fraction, and we get |j if we increase this denominator 
by 1, it will give the second value ^. Again^ multiplying nu- 
merati>r and denominator by the denominator of the n^xt 
partial fraction, we get^f ; if we increase this numerator by 
the numerator of the last value, also increase the denominator 



> 
by the denominator of the last value, we get |f, which is the 
third value. Again, multiplying both nimierator and denom* 
inator of this value, by the denominator of the liext partial 
fraction, and to the respective products add the numerator 
and denominator of the preceding value, we obtain the last 

value, AV* 

This last value is the true value of the continued fraction, 

whikt the other values are successive approximations. 

From what has been said we derive the following rule, for 

finding the vulgar fraction equivalent to acontinuied fraction* 

RULE. 

Consider ihe symbol f as a fraction ; tJien torite iMs symhcl 
and ihe fir si partial fraction for the twofirst terms of tTieapprox- 
isnaie values. MvUiplp the numerator and denominator of 
the second approximate vcdue by tJie denominator of the next 
parti(d fraction^ and to the respective products tidd the numer- 
ator and denominator of the next preceding approximate val- 
ue^ and the resuU wiU be the succeeding approximate value. 
Thtts continue to multiply the last approximatvoe vahte, by the 
denominator of the succeeding partial fraction^ and to tJie pro- 
ducts add the numerator and denominator of the preceding ap- 
proximate noZtie, ihe result unU be the sutceeding approxinuOe 
wduc. 

Exampfesm 

1. What vulgar fraction is equivalent to the continued 

fraction 



3-fl 



a-hi 



5-hl 



6? 
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In this example we find the miecessive approximate values 

tobeM,f,H»TV\r»an«^f«- 
2. What are the approximative values of the continued frac- 

tion -- — 
3-M 



1 + 1 



2+1 



tion 



4+1 

Ana* f 4, J, yr* if »nd ^\ 

8. What are the approximative values of the continued frac- 
1 



2+l_ 
2+1 



2+1 

2? 

Aaa. f, i, I, A, ^. 
4> WiiatamtiMapproxiiiiatiTeTalaMofthee(mtuaedfrM> 



tion^ 



1 + 1 



a+i 



4+i 



5+1 



fl+1 



7+1 



8+l_ 

AM. f, f, I, ^, If m, tY^, ^^, i^ii, 4JI4IJ. 



tion 
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5, Wh»t are the approximative values of the coBtiaacd firae- 

1 



9+1 



8 + 1 



7+1 



6+1 



6 + 1 



4+1 



8 + 1 
Ans. f , i, A, iij, /ftTj, tVWV, ^t^, ^/ftVr, /AVW' 



57« We wilt now show the application of the foregoin|^ 
principles of contintied fractions, hy the solution of several 
practical questions. 

1. Express approximately the fractional part of 24 hours, 
by which the solar year, of 365 days 5 hours 48 minutes and 
48 seconds, exceeds 365 days. 

5 hours 48 minutes 48 8econds=2092S seconds. 

24 hours=86400 seconds. Therefore the true value of the 
fraction required is Hf U=H*- 

Now, converting J{ J into a continued fraction, by rule on- 

der Art. 55, we get 1^=1 

® 450 4+1 ^ 

7 + 1 

1 + 1 

3 + 1 

l+£ 

2 ; and this re* 
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converted into its approximative ralues (by rule under Art. 
56) gives f , J, /y, A» AVt tVf^ MS- 

The fraction i, agrees with the Correction introduc^ed into 
the Calendar by Julius Csesar, by means pf bissexHle or Zeap- 
year. "* ^ 

The fraction ^ is tl|e correction used by the Persian Astron- 
omers, who add 8 Jays in every 33 years, by having seven 
regular loap-years, and then deferring the eighth until £ve 
years, / 

2. The French metre is 39^371 inches. Required the ap- 
proximative ratio of the English foot to the metre. 

In this example, the true ratio is ^fff f • Operating with 
this fraction as in the )ast example, we find some of the first 
approximative values to be i, i^^, ^|^, -fjf f f, i'^. 

Hence, the foot is to the metre f as 3 to 10, nearly; a more 
correct ratio is as 32 to 105. 

3« What are some of the approximative values of the ratio 
of the diameter of a circle to its circumference? 

If we take the value of the circumference of the circle whose 
diameter is 1, to ten decimals, we have the vulgar fraction 
If HI ellsll' given to find its approximative values. 

Proceeding with this, as in the former examples, we find 
some of the first approximative values to be J, ^, |4|, &c. 



58* Continued fractions have been the means ot obtain- 
ing elegant approximations to the rOots of surds. 

Thennethod of converting a surd into a continued fraction 
is too complicated for us to explain- in this place. 

The square root of 2, or, what is the same thing, the ratio of 
the diagonal of a square to its side, is found to equal the fol- 



00:«TIHUBD FSACTIONS. 81 



lowing infinite continued fraction 

* • 14-1 



2-f 1 



2+1 



2+1 



2+&C. 

Some of the first approximative values of this fraction are 
h h h f H» f fi H^ «f &c. 



59* Wo will conclude this subject by pointing out some 
of the many remarkable properties which the approximative 
values of continued fractions possess. We will refer to the 
values just obtained, for the ratio of the side of a square to its 
diagonal, 

L These values are aUemaldy too, small and iob large. 
^^^^ h i' Hi ^'^ i^ are too snudl^ whilst |, 4, Ht and 
i^ly are too large. 

11. Any of these values differ fromthe true value, by a quati" 
tUy which is less than the reciprocal of the square of its denom-' 
inatar. Thus |f , which is the ratio much used by carpenters 
in cutting braces, differs from the true ratio by a quantity leu 

///• Any two consecutive terms of these approximative values, 
when reduced to a common denominator, will differ by a unit in 
their numerators. Thus 4$ ond \^y^hen reduced to a common 
denominator, become -^fy, and y^« 

IV» The numerator and denominatar rf all approximative 
values of coiUinued fractions are prime to each other ; that is, 
they have no common measure. 

8 
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CHAPTER V. 

RULE OF THREE. 

60* The quotient arising from dividing one quantity by 
another of the same kind, is called a ratio. 

Thus, the ratio of 12 to 3, is l2-r3:i=V=4. 

The ratio of 15 yards to 5 yards, is y =3. 

From which we learn that the ratio of one number to ano- 
ther, is nothing more than the value of a vulgar fraction, whose 
numerator is the first term and denominator the last term. 

The ratio of 7 days to 5 days, is j^. 

The ratio of 3J hours to 7i hours, is 3J-h7j=|f. 

When there are four quantities, of which the ratio of the 
first to the second is the same as that of the third to the fourth, 
these four quantities are said to be in prop&rtion. 

Thus 4, 6, 8, and 12, are in proportion, since the ratio of 4 
to 6 is the same as 8 to 12. That is, |=^. 

Hence, a proportion is nothing more than an equality of 
ratios. 

The usual method of denoting that four terms are in pro- 
portion is by means of points or dots. 

Thus, 4: 6 : : 8 : 12 ; where two points are placed between 
the first and second terms, and also between the third and 
fourth, and four points are placed between the second and 
third : which is read, 4 is to 6 as 8 is to 12* 

The first and fourth terms of a proportion are called the 
extremes. The second and third terms are called the means. 

The first and second constitute the first coupleik 

The third asd foarth constitute the second couplet. 
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The two terms of a couplet must be of the same name or 
kind ; since two quantities of different kindd can not have a 
ratio* There can be no ratio between yards and dollars ; but 
the numbers which represent the number of yards and dollars 
may have a ratio. 

Since the quotient of the first divided by the second, is equal 
to the quotient of- the third divided by the fourth, it follows 
that the product of the extremes is equal to the product of the 
means. 

Hence, if we divide the product of the means by the first 
term, we shall obtain the fourth term. • 

This process of finding the fourth term by means of the 
other three terms,^is called the Rtde of Three, which may be 
thus given : 

RULE. 

Of the three terms which are gtoen, ene vnU xilwaya be of the 
Mame kind as the cmsuxr sought ; this wtU he the third temtm 
Theuy if by themature of the question, t?ie anstoer is required to 
be greater than the third term, divide the greater of the two 
remaining terms by the less, for a ratio ; Jnaif the answer is 
required to be less than the third term^ then divide the less of 
the two remaining terms by the greater^ for a ratio* Having 
obtained the ratio^ multiply it by the third term, and itwiU give 
the answer in the same denomination as teas the third term. 

Note. — Before obtaining the ratio, by means of the first two terms* 
we must reduce them to like denominations. * 

Examples* 

1. If in 7 weeks there are 49 days, how many days are 
there in 21 weeks ? 

In this example the answer is required to be in daysj there- 
fore we must take 49 days for our third term« And since 
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in 21 weeks there must be more days than in 7 weeks, we get 

our ratio by dividing 21 by 7, which gives Y ; this multipli- 

21 X49 
ed by the third term,49.days, gives --^- — =147 days, for oar 

answer. 

2. If a person perform a journey^ in 20 days, by traveling 
10 hours each day, how long would it take him to perform 
the same, if be travel 8 hours each day ? 

In this example our afiswer is required to be in days ; there- 
fore we must take 20 days for our third term. And since it 
will evidently t4ke more days when he travels 8 hours each 
day, than it did when he traveled 10 hours each day, we 
must divide 10 hours by 8 hours, for our ratio, which becomes 

• 10X20 
y ; this multiplied by the third term, 20 days, gives — , 

which by canceling becomes 25 days, for the answer. 

3. If 4i of a pound of sugar cost f| of. a shilling, how 
much will ^ of a pound cost? . 

In this example, our third term is || of a shilling. And since 
■fj of a pound is less than |^, we must obtain our ratio by di vi- 

ding ^ by f|, which gives ; this multiplied by the third 

23 X 11 

term, « of a shilling, will give A2iii^l?|. To reduce this^ 
" ^ ® 23x11X26 

with the least labor we must resort to the method of canceling. 

Thus canceling the 23, which occurs in both Enumerator and 

denominator, also 13 of the numerator against a part of the 

26 of the denominator, our expression will by this means 

9 

become =A of a shilling. 

11x2 " * 

NoTB.— -This method of canceling shooid be used when the nature of 
the question will adsait, since it will ahrays simplify very much the 
opeimtioik 
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\ 



4* If a tree 38 feet 9 inches in height giT« a shadow of 49 
feet 2 inches, how high is that tree which at tlie same time 
casts a shadow 71 feet 7 inches I 

In this example our -third term is the height of the first tree, 

which is 38 feet 9 inche8=d8| feet=i^' feet : our ratio will 

be obtained by dividing 71 feet 7inches=71y\ feet=y/ feet^ 

by 49 feet 2 inches = 49 j- feet=2|5 feet; which becomes 

n^X-g^j; this multiplied by the third term "|« gives 

859 X 6 X 155 

_, . Canceling 6 of the numerator against a part 

12 X 295 X 4 ^ ® ^ 

of the 12 of the denominator, also canceling 5, a factor of 155 

of the numerator, agaiost 5, a factor of 29$ of the denomiiiia- 
tor, we get ^^^^^^ =«f||»=56xj^| feet, for the answer. 

2 X Oa X 4 

5. If 3} pounds of coffee cost 2} shillings, how much will 
lOj- pounds cost ? 

In this example 2|=^ shillings must be our third term ; and 
since 10^= V Pounds must cost more than 3}=^^ pounds; 

we must divide V hy l for the ratio ; making it , this 

fl ^ a o 6X7 

• Qi X 2 X 7 

multiplied by the third term, J shillings, will give — -. 

ft! 

this becomes, after canceling, K=^i shillings. 

3x3 

6. If 16| yards of calico cost 21} shillings, how much can 
be bought for 32^ shillings ? Ans. 24^^ yards. 

7* Sold a tankard for £6 6s, at the rate of 5«. Ad. per ounce. 
What was its weight? Ans. lib. 7oz. 17pwt. 12gr. 

8. If 300 men consume 70 barrels of provisions in ten 
months, how much will 240 men consume in the same time ? 

Ans. 56 barrels. 

9. Gave 72 dollars for 5 barrels of fish. How much will 
twenty barrels cost at the same rate ? Ans« ^^ dollars. 

8* 
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10. If it take 30 yards of carpeting, which is ] of a yard 
wide to cover a floor, how maDy yards, which is 1^ yards 
wide, will it take to cover the same floor ? Ads. 18 yards. 

11. If an iadi vidua! receive a salary of (700, how much 
will that he for each day, counting 365 days for a year ? 

Ans« 1|| dollars. 

12. If the circumference of a wheel is 17} feet, what dis- 
tance will it pass over in revolving 13) times ? 

Ans. 233i £eeU 

13. If it take 2} yards of cloth for 2 pair of pantaloons, 
and 12i yards for 5 coats, how many yards will it require for 
7 coats and 8 pair of pantaloons? Ans. 27^ yards. 

14. If 19) yards of cloth cost 13| dollars, how many dol- 
lars will 14) yards cost ? Ans. 9|f| dollars. 

15. If 3 bushels of apples cost 13 shillings, how much win 
17| bushels cost ? Ans. £3. 15^. 10^ 

16*. How much must be paid for 3} cords of wood, at 2) 
dollars per cord? Ans. $8-]^=?=98.4375. 

17. If a board IQ £eet long and inches wide contain 12 
square feet, how long must another board be, which is 8 inches 
wide, to contain the same number of square feet ? 

Ans. 18 feet. 

18.' If the freight of 7 hogsheads of melasses for 18 miles 
is 9 dollars, what must be paid for the freight of 21 hogsheads 
the same distance ? Ans. 27 dollars. 

19. If I of a vessel is worth $1729, how much is the whole 
vessel worth? Ans. $46101. 

20. Lent my friend 300 dollars for 6 months ; afterwards 
he lent me 400 dollars. How long may I keep it to balance 
the favor? Ans. 4) months. 
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21. If a piece of land 20 rods long and 8 rods wide make 
one acre, how wide must it be when it is 50 rods long to con- 
tain the same ? Ans. S^ rods. 

22. If a ship sail 90| mOes in 7) hours, how many hours 
wiU it require to sail 60 miles ? Ans. 4^* hours. 

23. If ] of an acre of land is worth 54 dollars, what is-f^ci 
an acre worth ? Ans. $7.20. 

24. If I pay | of a doHar for sawing one cord of wood, how 
much must I pay for sawing 5^ cords ? Ans. 94|if . 

25. If 16} yards of cloth are worth i of |^ of 20} dollars; 
what is that per yard ? Ans. $f|}. 

26. A man is 1700 dollars in debt, and his estate amounts 
to but 870 dollars. How much can he pay on the ddlar? 

Ans. $0.51^. 

27. How many yards of paper, 3 quarters wide, will pap» 
375 square yards? Ans. 500. 

28. If a staff 5 feet long cast a shade 6) feet, what \b the 
height of that steeple whose shade, at the same time, meas- 
ures 150 fiset ? Ans. 115^ feet* 

29. If 3 paces, or common steps, of a person be equal to 2 
yards, how many yards are there in 170 paces ? Ans. 1 13}. 

30. What cost 3 cwt. of coffee at Ibd, per pound ? 

Ans. £21. 

31. A garrison of 540 men have provisions for 365 days. 
How long will those provisions last if the garrison be increas- 
ed to 1127 men ? Ans. I74|f|f days, 

32. What will be the tax upon £763 13^. at the rate of 3s. 
4d. on one pound sterling 7 

33. What is the value of a year's rent of 547tacresofland, 
at the rate-of 15«. Qd. per acre 7 



88 HIOIISB ABITHMETXC. 

34. Allowing the Prench metre to be 3j^ feet in length, 
how many feet are there in 46 metres ? 

85« Suppose a certain quantity of hay will feed 70 sheep 
31 days, how long would it keep 131 sheep? 

36. If 9 yards of silk, which is ] of a yard wide, line a cloak, 
how many yards, that is 5 quarters wide, will it take to line 
the same? 

37. If a barrel of beer last 10 men 16 days, how long will 
it last 27 men ? 

38. If 9f barrels of flour be consumed by a company in 
18 days, how long will 35| barrels last? 

39. If a mill grind 192 bushels of corn inl hour 7 minutes, 
in what time will it grind 100 bushels ? 

40. If a barrel of flour will support 13 men for 27 days, how 
long would it support 9 men? 

41. Iff of an acre of land cost $13, how much can be botight 
for $39 ? 

42. If -^ of a dollar will pay for | of a bushel of apples, how 
many bushels can be bought for 7 1 dollars? 

43. If 750 barrels of cider cost $2250, how much will 419 
barrels cost ? 

44. If 1^ of a firkin of butter is wqrth 85 cents,, what is | 
of a firkin worth ? 

45. If a staflT 3 feet in length give a shadow 7 feet long, 
how high is that tree^ which at the same time casts a shadow 
of 90 feet ? 

46. A regiment of soldiers consisting of 976 men is to be 
clothed; each coat to contain 2^ yards of cloth If yards 
wide, and to be lined with shalloon f yard wide. How many 
yards of shalloon will be required ? 
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47. A person owning } of a t^oal mine, sells } of his share for 
9400. What is the whole mine worth at the same ratio? 

48. A and B hire a pasture for $50, in which A pastures 
13 cows, and B 12. What must each pay ? 

49. Suppose sound to move 1106 feet in a second ; how 
many miles distant is a cloud, in which lightning is ohserved 
47| seconds before the thunder is heard, no allowance being 
made for the progressive motion of light? 

50. If A can mow an acre of grass in 5} hours, and B can 
mow li acres in 8) hours, in what tibae can they jointly mow 
8| acres ? 



COMPOUND PROPORTION. 
6 1 • When the quantity required depends upon more than 

three terms, the cyperatton of finding it ta called th^ndc of com" 

.pound praportionf which may be thus given. 

RULE. 

Among the terms given there wiU he hut one like the answer^ 
which we will call the odd tern* ^ The other terms wUl appear 
in pairs or couplets. Form ratios out of each couplet in the 
same manner as in the rule of three ; then multiply all the ra- 
tios andthe odd term together, and it wiU give the answer in the 
same name and denomination as the odd term. 

NoTK. — Before forming ratios from the cooplete they must be redueed 
to the same denominate value. 

Examples. 

1. If a person travel 300 miles in 17 days, traveling only 
hours each day, how many miles could he have gone in 15 
days, by traveling ten hours each day? 
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In this example the answer is required in miles, therefore 
our odd term is 300 miles. 

The first couplet consists of days; and since in 15 days, 
other things heing the same, he could not travel as far as in 
17 days, we must divide 15 hy 17, which gives ff for the first 
ratio* 

The second couplet consists of hours; and since in 10 hours 
he could travel farther than in 6 hours, we must divide 10 by 6, 
which gives y for the second ratio. 

Multiplying these two ratios and the odd term together, we 

get . Canceling the 6 of the denominator 

*• 17X 6 ^ 

against a part of 800 of the numerator, it becomes : 

s=441-^ miles, for the answer. 

2. If a marhle slab 10 &et laiig» S feet wide, and 3 inches 

thick, weigh 400 pounds, what will be the weight of another 
slab, of the same marble, whose length is 8 feet, width 4 feet, 
and thickness 5 inches? 

In this example the answer is required to be in pounds ; there- 
fore 400 pounds is the odd t^m* The first couplet consists of 
the lengths, and since 8 feet in length will give less weight 
than 10 feet, we must divide 8 by 10, which gives y\ for the 
first ratio. 

The second couplet consists of the widths ; and since 4 feet 
wide will give more weight than 3 feet, we must divide 4 by 3, 
which ^ives f for the second ratio. 

The third couplet consists of thicknesses; and since 5 
inches thick will give more weight than 3 inches, we roust 
divide 5 by 3, which gives { for the third ratio. 

Multiplying the odd term and these ratios together, we get 
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8X4X5X400 



Canceling the 10 of the denominator against 
lOX 3X3 

a part of the 400 of the numerator, we get 82£lil5_x40_ 

3x3 

--~-s=711^ pounds, for the answer. 

8. If a pile of wood 8 feet long, 4 feet wide, and 4 feet hi^h, 
contain one cord of wood, how many cords are there in a pile 
26 feet long, 8 feet wide, and 12 feet high ? 

In this example one cord is the odd term. The first coup* 
let consists of lengths ; and since 26 feet long will give more 
wood than 8 feet, we shall have ^-f for the first ratio. 

The second couplet consists . of widths ; and since 8 feet 
wide will give more than 4 feet, we get { for the second ratio. 

The third couplet consists of heights; and since 12 feet 
high will give more wood than 4 feet, we get y for the third 
ratio. 

Multiplying these ratios and the odd term, 1 cord, together, 

26 X8 X 12 
we get ^ . Canceling the 8 of the nimierator 

8x4x 4 
against the 8 of the denominator; also one of the 4^s of the 
denominator against a part of th6 12 of the numerator, and 
the fact<M* 2, of the remaining 4 of the denominator, against 

the factor 2 of 26, in the numerator; our expression hy this 

13 X 3 
means becomes =;= 19} cords, for tijp answer. 

4. If a man perform a journey of 1260 miles in 17 days, 
by traveling 13 hours a day, how many days will it take him 
to perform a journey of 1007 miles, by traveling 10 hours 
each day ? Ans. 17|||JJ days. 
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5. If 10 cows eat 8 tons of hay in 6 weeks, how many 
cows win eat 56 tons in 21 weeks? Ans. 20 cows. 

6. If 8 men will mow 36 acres of grass in 9 days, hy work- 
ing 9 hours each day, how many men will be required to mow 
48 acres in 12 days, by working 12 hours each day ? 

Ans. 6 men. 

7. If 11 men can cut 49 cords of wood in 7 days, when they 
work 14 hours per day, how many men will it take to cut 140 
cords in 28 days, by working 10 hours each day 7 

Ans. 11 men. 

8. If 12 ounces of wool make 2} yards of cloth, that is 6 
quarters wide, how many pounds of wool will it take to 150 
yards of cloth, 4 quarters wide ? 

Ans. 80 pounds* 

9. If 12 men can build a wall 26 feet long, 7 feet high, 
and 5 feet thick, in 20 days, in how many days will 28 .men 
build a wall 156 feet long, 10 feetliigh, and 3 feet thick? 

Ans. 44)^ days* 

10. If the wages of 6 men for 14 days be 84 dollars, what 
win be the wages of 9 men for 16 days? 

Ans. 144 doUars* 

11. If 1X)0 men in 40 days of 10 hours each, build a waH 
30 feet long, 8 feet high, and 2 feet thick, how many men 
must be employed tQ build a wall 40 feet in length, 6 feet high, 
and 4 feet thick, in 20 days, by working 8 hours each day 7 

Ans. 500 men. 

12. If a pile of wood 80) feet long, 4 feet wide, and 6 feet 
faigby is worth 25 doUars, how much is a pile 60 feet in length, 
3 feet wide, and 4 feet high, worth 7 

Ans. f24ff. 



13. If 176 bushels of com, wh^n corn is wopth 60 cents a 

bushel, be given for the carrisige of 12Q barrels of flour 60 
miles, how many bushels of corQ, when corn is worth 70 cents 

a bushel, must be given for the carriage of 80 barrels of flour 

280 miles t . 

14. A walj was to be built 700 yards long in 29 days ; af- 
ter 12 men had beea employed on it for 11 diays,it was found 
they had built only 220 yards. How many more, men must 
be put on to finish it in the given time T ' 

15. In how many Jays, working 9 hours a day, will 24 
men dig a trench 420 yards long^ 5 yards wide, and 3 yards 
Jeep, if 248 men, working 11 hours a day, in 5 days dig a 
trench 230 yardslong, 3 yards wide, and 2 yards deep ? 

16. If 25 pears can be bought for 10 lemons, aiid 28 lemons 
for 18 pomegranates, and 1 pomegranate fpr 48 almonds, and 
50 almonds for 70 chestnuts^ and lOS chestnuts for 2) cents, 
how many pears can I buy for $1.35? . 

17. Suppose ^that 50 men^, by working 5 hours each 4&y, 
can dig, in 55 days, 24 cellars, which are each 36 feet longi 
21 feet wide, and 10 feet deep. bOw many nien would be re- 
quired to dig, in 27 dd^ys, 18 cellars^ whibh are each 48 feet 
long, 28 feet wide, and S feet deq>, provided they work ^nly 
3 hours each day t 

18. If 15 men e^t 13 shillings' worth of bread in 6 days, 
when wheat is sold at 12 shillings per bushel, in how many 
days will 30 men eat 431 shillings' wbrth,when wheat 19 10 
shillings per bushel ? 
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CHAPTER VI. 

AHITHMilTtCAL PROORESSIOKr. 

B2* A series of Bunibers, which succeed each other jz%* 
ulartyvhy a common difference, are said to be in orkhmOwol 
progreasum. 

When the terms are constantly inbreasing, the series is an 
arUkn^eiical progression ascending. 

When the terms are constantly decreasing, the series id an 
arUkmeHcal progression descending. 

Thus, 1,^ 5, 7, 9, &c., is tin ascending arithmetical progress 
sion ; and 10, 8, 6, 4, 2, is a descending arithmetical progres- 
sion. 

In arithmetical progression there are five things to be con- 
sidered: 

!• The first tertn* 

2* The hut term. 

3. The common difference. 

.4. The number of terms. 

5« 7%e Stan of dU ^ temis. 

These quantities are so related to each other, that any three 
of them being given,, the remaining two can be found. 

Hence, there mu^Bt be 20 distinct cases, arising from the 
different combinations of these five quantities. 

To give a demonstration to all the rules of these 20 cases 
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ireold be a rery difficult task for the oidiiidiy rules of arith- 
metic : we will therefore content ourselves with demonstra- 
ting a few of the most important of them,- 

<3A8S I. 

By our definition of an ascending arithmetical {progression, 
it follows, that the second term is et[ual to the* first, increased 
by the common difference; the third is equal to the first, in- 
creased by twice the common difference ; the fourth is equal 
te the first, increased by three times the common difibreAce ; 
andso on for ^e succeeding terms. 

Hence, when we have giveh the first term, the common dif- 
ference, and the number of terms, to find the last term, we 
hi^ve this 

RULE, 

To the first term, add the product of the commm^ Jifferene§ 
into the number of terms, less one. 

Exaaiiples* 

1. What is the lOOth term of an arithmetical progression, 
whose first-term is t, and common difiereace 8 } 

In this examrple the number of terms, less one, is 99, which^ 
muHiplied by the common differenee, 3, give&r 297, whieh 
added to the first term, 2, makes 299 for the 100th term. 

2« What is the 50th term of the arithmetical progression, 

whose first term is 1, the common difierence } ? Ans. 25i» 

• . - ...... 

3. A man buys 10 sheep, giving 1 dollar for the first* 3 dol- 
lars for the second, 5 dollars for the third, and so increasing 
in arithmetical progression. What did the last sheep cost 
at that rate? - Anaf, 19 dollars. 

4. The first term of an arithmetical progression is }, the 
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eommoAiliffereiice |, and the number of terms 26. What k 
the laat term? 

9. A penoQ jH>ugh.t 100 yards of cloth; he gave 2«. 6d. for 

the first yard, 2si lOd. for the second yard, Ssi 2d, for the 

third yard ; and so continuing to give id, mofefor each yard 

'tlian he gave for the preceding one. Hqw ifiuch did he give 

for the last yard t 

CASK n. 

From the nature of an arithmetical progression, ve see that 
the second term added to the next to the last term, is equal to 
tiie first added to the last ;. since the second term is as much 
greater than the first, as the next to the last is less than the 
last. After the same method of reasoning we infer that the 
sum of any two terms equidistant from the extremes is equal 
to the sum of the extremes • 

' Hence, it follows that the terms will average just half the 
sum of the extremes. 

Hierefore, when we have given ike first term, the last term, 
and the number of terQ()s» tp find the sum of aU the terms^ we 
have this 

- IIULE. 
. MidUffyh0if the mtm^ the exUvmu by the number of iern^ 

Examples. 

1. The first term of an arithmetical progression is 2» the 
last term is 50, and the number of terms is 17. What is the 
sum of all the terms? 

In this example, half thesum of the extremes is — — s==26{ 

this multiplied by the number of terms gives 26 X I7s442, fo 
the sum required* 
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2. The first term of an arjthmetieal progression is 13, the 
last term is 1008, and the number of terms is 10^. What is 
the sum of the progressicHi? Ans. 50800« 

3* A person travels 25 days, going 11 miles the first day, 
135 the last day 9 ihe miles which he traveled in th^ succes- 
sive days, form an arithmetical progression. How far did he 
go in the 25 days 7 Aos* 1B25 miles. 

4. Bought 7 booksy the prices of which are in arithmetical 
progression. The price of the first was 8 shiUtngs, and the 
price of the last waa 29 shillings^ What did Aey all come 
to? . Ans. £6.Qs, 

& What is the sum of IQOO terms of an arithmetical pro- 
gression, whose first tertn is 7 and l^t term 1H8 1 

Ans. 560000. 

6. The first term of an arithmetical progression is |, and 
the last term 3651}, and the tmmber of t^ms 799. What is 
the sum of all the terms f 

7« What is the sum of 37 terms of an, arithmetical progress- 
sion whose first term is 10, and last term 161 

By case I. we see that the last term is equal to the first 
term, increased by the product of theeemn^ii difiereiioe into 
the number of terms, less one. 

Hence, the first term must equal the last term, diminished, 
by the product of the common difference into the number of 
terms, less one. 

Therefore^ when we have given the last term, the number of 
terms, and the' common difference, to find the first tejrm we 
have this 
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From ihelaH Urm i^Atraeifke ftodnet rfiKe commmdifer- 
enee in0 ^ number of terma^ lesi one. 

. ' ExampUn. 

1. The last term of an arithmetical progression is 875, the 
eommott difference is 7, and 'the nuoiher of terms is 54. What 
M the first term ? 

la this example the common difference multiplied by the 
ntmaber of terms, less x>ne, is 7x 53s=:87L which suhtracted 
from the last term gives 375 — 37Ibs4, for the first term. 

2. The last term of an arithmetical progression is 80), the 
eommon difference is |, and the number of terms is 59* 
What is the first term 1 ^ Ans. f • 

3. The^last term of an arithmetical progression is 49), 
the common '^difiTerence is liv&n<l the number of terms SO. 
What is the first tertn J Ans. 6. 

4. The last term of an arithmietical progression is 1008^ 
the number of temts is 252| and the common difference i84« 
What is the first term 7 

'5« A' note is paid in 15 annual instalments; the payments 
are in arithmetical progression^ whose common difiference 
i^ 3 ; the |abt payment was 49 dollars. What is the first 
payment T 

CASE IV. 

From case I. we see that, the product of the common dififer* 
ence into the number of terms, less one, is equal to' the last 
term diminished by the first. Therefore the difiference of the 
last and first terms, divided by the common difierence» is equal 
to the number of terms, less one. 
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Heiiee« when we have given the first term, the last' term, 
and the common diflbrence, to find the number of teimsb we 
iiave thia 

BULE. . 

 

Dwiie 1^6 difference of the extrei^nes by the common d^er* 
encCf and to the quotient add one. • 

Exdmplee. 

1* The first term of an arithmetical progression is 5,. the 
last term b 176, and the common difierence 3* What is the 
Camber of terms ? 

In this example the difierence of the extremes is 176^5=9 
171 ; this divided by the common difierence, gives ^|^.=57* 
this increased by 1 becomes 58 for the number of terms re- 
quired. 

2. The first term of an arithmetical progression is 11, the 
last term 88, and the common difierence 7* What is the 
number of terms? Ans. 12. 

S. A note becomes due in annual instalments, which are in 
arithmetical progression^ whose common difierence is 3 ;, the 
first payment is 7 dollars, the last payment is 49 doU'ara* 
What is the number of instalments ? ^ 

We learn from ease I. that the product of the commbn dif«* 
ference into the number of terms, less one, is equal to the last 
term diminished by the first. Therefore the difference of the 
last and first terms, divided by the number of terms, less one, 
will give the common difierence. 

Hence, when we have given the first term, the last term, 
and the number of terms, to find the cdmmon difierence, we 
have this 
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KDLE. 

ZIMefe <Aa Hffermce of the eaOremes hpihe ma&eroftefiMf 
less one. ^ 

1. The first term of an atithmetical progression is 5, the 
last term is 176, and the number of terms 68. What is the 
commoit difference ? 

In this example the difibrencd of the extremes is 171, which 
divided by the .number of terms, less one, becomes y^=s;3» 
for the common difierMCOt 

S* The first term t>f ap arithmetical progression is 17, the 
last t^rm 3021, the. number of terms is 752. What is the 
common difference ? , ' Ans« 4« 

3. A person performs a journey in 17 days ; the distances 
traveled on the successive days were in arithmetical progres- 
sion ; the first day lie went 4 miles, and the last day he went 
84. How many miles more did he go on each day, than on the 
preceding day t Ans. 5 miles, 

4. A man has seven sons, whose ages are in arithmetical 
progression; the age of the eldest is 41 years, the youngest 
is 5 years old. How many years is the common difference 
of their ages-? 

' CASB vi» ' 

By case 11. we know that, the sum of all the tiermsof an 
ariliun^tieal progression is equal to half the sum of the ex* 
kernes multiplied into the number of terms; therelbre Ihe 
tmmber of terms is equal to the eum of all the terms divided 
by half the sum of ^ extremes^ 

Benee, when we have given the first term» the last term, 
apd the sum of all the terms, to find the number of terms, we 
have this 
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RULE. 
Divide the sum ofaU the terms hy half the sum of (he extremes* 

1. The first term of an arithmetical progression is 1^ the 
last term is 1001, and the sum of all the terms is 251001* 
What is the nmnher of terms? 

. Ib ihis example half the isiun of the extremes is — ^Jllirr 

2 

501 ; then dividing the sum of alLthe terms hy this, we obtain 

3^^^* =501, for the number of terms. 

2. In a triangular field of corni the number of hills in the 
successive rows are in arithmetical progression : in the first 
row there is but one hill, in the last row there is 81 hills; and 
the whole number of hiib in the field is 1681. How manj 
rows are there 7 Ans. ^1. 

3. A man bought a certain number Df yards of cloth for 
41152.50, giving 4 cents for the first yard,' and increasing 
regularly on eaeh succeeding yard, up to the last yard,' for 
which he gave 93.01. How many y^ds of cloth did he pur. 
ichase ! ' Ans^ LOG. 

4. How many terms are there in an arithmetical progres- 
sion whose first term is 5, last term .75, andi stim' of all tfao 
lerms4407 ^ • . ' . 

CASE vn. 

We also infer from Case II., that the sum of all the terms, 
divided by half the number of termsj will give the sum of th^ 
eciremes. TberefcHre if from the quotient, of the ifum of all 
the terms, divided by half the number of terms, we subtract 
the last term, we shaU have left the first term. 

Henee^ when we have given th^ last term, the sumber of 
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t^rms, and the sum of all the teitns^ to ^nd the first term, ve 
have this 

RULE. 

From the quetkrU of the sum ofcM ihe termSf dwid/sd by half 
tJie number of terms^ subtract the last term. 

. , Examples* 

< ... 

1. If the last term of anaritfametical progression is 170,* th« 

number of terms 50; and the sum of aH tho terms 4450, 

what is the first term I , 

In fhis example the sum of all the terms divided by half the 
number of terms is *f|^°=178, from which subtracting tlw 
last term, we obtain 178— lT0=8, for the first term* 

2.. A person wishes to discharge feu debt of 1125 dollars m 
18 aonnal pay men t9, which shall be in arithmetical progr^Sk 
sion. How much must his first payment be,, so as to bring 
his last payment 120 doUai^ t , An& 5 dollars* 

3. What iis thalirst term qf an arithmetical progressioa 
whose number of ierkns ts^ 27, kst term 50, and sum of all the 
terms 729 ? ' . Ans. 4« 

4<t Inie miles which a person travels in 19. successive days 
fbkrm fin larithmetiea! progression, whose last term is 80, the 
sum of all the terms 950. How many miles did he travel tho 
first day 1 , 

CASE vnit 
From what itas been sa;id under Cose VIL, we infer timt 
tbei first term subtracted from ihe quotient) of the sum of aU 
the tertns divided by half the number of terms^ will give the 
last term. y 

Sesceb wheQ we have given the sniB of all the terms, the 
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first torm, and the number of tennB, to find* the kst term, we 
hare this 

«RULE. 

From the quotient of the mm ofaU the t6rms^ dmded by half 
number of term»i eubiract the first term* 



Examples* 

1. If the first term of an arithmetical progression is 7» the 
number of terms 1000, and the sum of idi the terms 560000, 
what is the last term 7 • 

In this example the sum of all the terms^ divided by half th» 
number of terms, gives '^^'^=1120, froi& which subtract 
the first term, we get 1120— 7=^1113, for the last term. 

2. If the.first term of an arithmetical progression is 7, the 
number of terms 16, and the sum of all the lerms 142, what 
is the last term 1 . Ans» 10{. , 

3. The first term of an arithmetical progression is 13, the 
number of terras 100, and .the sum of all the terins 50300^ 
What is the last term ? 

NoTB. — ^The remaining cuea ar^ obtained by combining', the condi. 
tlona of CaBOt I. and II. 

eASB~IX. 

Given the first term, the common difierence, and the sum 
of aU the terms, to find the last term. -^ 

, RULE, 

To twice the product of the common difference ntfo the sum 
ofaUthe termSf add the square of tJ^e first ferm, dimimshed bf 
half the common difference ; extract the square root of the sum f 
from this root subtract half the common difference* 
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Example*. - 

1. The first term of an arithmetic&l progression .is 4, tho 
common difference is 7, and the sum of all the terms la 10238. 
What is the last term T 

In this example^ twice the product of the sum of all th# 
terma-into the common difference is 2 x 10233 X 7=148262; 
the square of the first term diminished by half the common 
diffeten<;e is (4--}}^(i)J=:i; this added to 143262 gires 
f 7^ «0y whose square root is '^^'^ ; frb^i this subtracting half 
the common difference we get ■'f — }=''|«=875, for the last 
term* 

2. The first term, of an arithmetical progression is }, the 
common difi^reiice is l\ and the sum of alf the terms is 1180; 
What is the last term ? Ans. 39}. 

3. A man has seveTal sons, whose ages are in arithmetical 
progression } the kge of the youngest is 5 years, the common 
difference of their ages is 6^ years, and the sum of all their 
ages is 101/ What is the age of the eldest? 

Ans« 41 years. 

4. The &8l term of an arithmeticar progression is 17, the 
conimon difference is 4, and the sum of all the terms is 1 142288. 
What is the last term 7 . 

CA8B X. 

Given the comnion difference, the number of terms, and the 
sum of all the terms, to find theriast term : 

RULE. 

To the quoHent cfthe *um of the terms, eRvided by the num. 
her af terms^ add Tudf the product of the common difference 
into the number of terms^ less one. ' 
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I 

Examples. 

1. The eommon difference of the terms of an arithmetical I 
progression is 6, the number of terms is 7, and the sum of all 

the terms is 161. What is the last term ? { 

In this example, the sum of the terms divided by the num- 
ber of terms is ^f ^ =23. Again, the common difference mul- 
tiplied into the number of terms, lees one, is 6 X 6=s36, the 
half of which is 18, which added to 33, gives 41, for the last 
term. 

2. The common difference of the terms of an arithmetical 
progression is 7, the number of terms is 54, and the sum of all 
the terms is 10233. What is the last term ? Ans. 375. 

3. The common difference of the terms of an arithmetical 
progression is 6, the number of terms is 14, and the sum of all 
the terms is 4970. What is the last term? Ans. 394. 

4. The common difference of the terms of an arithmetical 
progression is 17, the number of terms is 48, and the sum of 
all the terms is 38496. What is the last term ? 

CASE XI. 

Given the first term, the common difference, and the num-« 
ber of terms, to find the sum of all the terms. . 

RULE,' 

To twice the first term, add the product of the commaa differ^ 
ence into the number of terms, less one ; multiply this sum by 
half the number of terms. 

Examples. 

1. The first term of an arithmetical progression is 37, the 
common difierence is 1 1, and the number of terms 99. What 
is the sum of all the terms f 
10 
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In this example, the product of the common difference into 
the i^uraber of terms, less one, is 1 1 X 98=1078 ; this, added 
to twice the first term, gives 74+1078=1152, which, malti- 
plied by half the nmnber of terms, gives 57024, for the sum of 
all the terms. 

2. The first term of an arithmetical progression is 7, the 
common difierence is 1), and the number of terms 87. What 
is the sum of all the terms? Ans. 1258. 

3. A person buys 87 sheep, paying for them in arithmetical 
progression ; for the first he gives 8 shillings, and increases one 
ishilling for each succeeding one. How much did they all come 
to 1 Ans. £38, 17«. 

4. The first term of an arithmetical progression is 13, the 
common difiference is 9, and the number of terms is 80. What 
is the sum of all the terms T 

CASB xn. 

Given the first term, the common difierence, and the last 
term, to find the sum of all the terms. 

RULE. 

Dvoide the difference of ike squares of the last and first terms, 
by twice the common difference, and to this quoUent add half 
the sum of the last and first terms. 

Examples. 

1. The first term of an arithmetical progression is 16, the 
common difierence is 2, and thb last term 100. What is the 
sum of all the terms ? 

In this example, the diftrence of the squares of the last and 
first terms is 9744, which, diyided by twice the common dififer- 
ence, gives 2486 ; this, increased by half the sum of the last 
and first term, becomes 2494, for the sum of all the temuu 
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2. The first term of an arithmetical progression is 5, the 
common difference is 7, and the last term is 75* What is 
the sum of all the terms ? Ans. 440: 

3. The first term of an arithmetical progression is 8, the 
common difference 3, and the last term 170. What is the sum 
of all the terms? Ans. 4895. 

4. The first term of an arithmetical progression is 12, the 
common difference is 6^ and the last term is 104. What is 
the sum of all the terms ? 

CASB xni» 

Given the common difference, the number of termsi and the 
last term, to find the sum of all the terms. 

RULE. 

FromfwicB the last ierm^ subiraci thdproducl of the common 
difference into the number oftermSf les9 one; muUiply this re- 
mainder by half the number of terms* 

Ewamples, 

1. The common difference of the terms of an arithmetical 
progression is 11, the number of terms is 19, and the last terra 
is 199. What is the sum of all. the terms ? 

In this example the product of the common difierence into 
the number of terms, less one, is 11 X 18=198 ; this, subtracted 
from twice the last term, gives 200, which| multiplied by half the 
number of terms, becomes 1900, for the sum of all the terras. 

2. The common difference of the terms of an arithmetical 
progression is 15, the number of terms is 47, and the last 
term is 545. What is the sum of all the terms t 

Ans. 9400. 

8. The common difference of the terms of an arithmetical 
progression is 4|, the number of terms is 100, and the last 
term is 1000* What is the siim of all the terms? 
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CASS XIV. 

GiveB the first term, the number of terms, and &e sum of 
all the terms, to find the common difiierence* 

RULE. 

From iwiee the sum of the termif svMraet twice the product 
of the fret term into the number of terms ; dwide this remain- 
der by the product of the nund>er of terms into the number of 
termSf less one. 

Examples, 

1. The^rst term of an arithmetical progression is 21, the 
number of terms is 50, and the sum of all the terms is 3500. 
What is the common difierenee ? 

In this example, twice the product of the first term into the 
number of terms is $2100; which, subtracted from twice the 
sum of the terms, gives 4900 ; the number of terms multiplied 
into the number of terois, less one, is 2460 ; hence, 4900, di- 
vided hy 2450, gives 2, for the common difierence. 

2. The first term of an arithmetical progression is f , the 
number of terms is 18, and the sUm of all the terms is 139lf . 
What is the eemmon difference ? Ans. li. 

3. The first term of an arithmetical progression is |, the 
number of terms is 26, and the sum of all the terms is 60|^, 
What is the common difierence ? 

CASE XV. 

Given the first term, the last term, and the sum of all the 
terms, to find the common difierence. 

RULE. 

Divide the difference of the squares of the last and first terms 
by twice the sum of all the terms, diminished by the sum of the 
last and first terms. 
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Examples. 

1. The first term of an artthrnetical progression is f , the 
last term is 20^, and the sum of all the terms is lS9f . What 
is the common difference? 

In this example, the difference of the squares of the last and 

first terms is (20^) — (f ) =428^ ; twice the sum of all the terms, 
diminished by the sum of the last and first terms, is 257^. 
Dividing 428^ by 257| we get f =1}, for the common differ- 
ence, 

2. The first term of an arithmetical progression is 8, the 
last term is 170, and the sum of all the terms is 4895. What 
is the common difference ? Ans. 3. 

3. The first term of an arithmetical progression is 12, the 
last term is 104, and the sum of all the terms is 954. What 
is the common difierence 1 

CASE XVI. 

Given the number of terms, the last term, and the sum of 
all the terms, to find the common difference. 

RULE. 

From twice tJie product of the number of terms into the last 
term^ subtract twice the sum of aU the terms ; divide the remain^ 
der by the product of the number of terms into the number of 
terms f less one. 

• Examples, 

1. The number of teems of an arithmetical progression is 
17, the last term is 50, and the sam of all the terms is 442. 
What is the common difference ? - 

In this example, twice the product of the number of terms 
into the last term is 2xl7X50:sl700; the product of the 
10* 



110 BIOHXR ASlrHMSTIO. 

number of terms into the number of termsylesi one, is 17 X 16= 
272 r alsoi 1700, diminished by twice the sum of all the terms, 
becomes 816, which, divided by 372, gives 3, for the common 
difierence. 

2. The number of terms of an arithmetical progression is 
14, the last term is 14, and the sum of all the terms is 105. 
What is the common difference ? Ans. 1. 

3. The number of terms of an arithmetical progression is 
7, the last term is 41, and the sum of all the terms is 13S. 
What is the common difference? 

Case xvii. 

Given the first term, the common difference, and the sum 
of all the terms, to find the number of terms. 

RULE. 

Subtract the common difference from twice the first term, 
divide the remainder by ttoice the common difference ; to the 
square of this quotient, add the quotient ofttoice the sum of all 
the terms J divided by the common difference; extract the square 
root of the sum: then divide twice the first term^ diminished by 
the common difference by twice the common difference, and stib- 
tractthis qiMientfram the root just founds 

Examples. 

1. The first term of an arithmetical progression is 7, the 
common difference is I, and the sum of all the terms is 142. 
What is the number of terms ? 

In this example, the common difierence, subtracted from 
twice the first term, gives 13], which,divided by twice the com- 
mon difference, gives 27), which, squared, becomes 756|. — 
Twice the sum of all the terms, divided by the common difier- 
eace, gives 1 136, which, added to 756i, gives 18922, the sqoAre 
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root of which is 48} ; from this, subtracting 27i, we get 16, 
for the nilmber of terms. 

2* The first term of an arithmetical progression is 2, the 
common diflierence is 8, and the sum of all the terms is 442. 
What is the number of terms ? Ans. 17. 

3. The first term of an arithmetical progression is ], the 
common ^difference is |, and the sum of all the terms is 60|. 
What is the number of terms ? 

OASE XVIII. 

Given the common difference, the last term, and the sum of 
all the terms, to find the number of terms. 

RULE. 

To ivDice the last term udd the common difference, divide the 
sum by twice the common difference, square the quotient, and 
from this square, subtract the qtujiient of twice the sum of the 
terms dimded by the common difference ; extract the square root 
of the remainder : then subtract this root from the quotient of 
the sum of twice the last term and common difference, divided 
by twice the common difference. 

Examples,' 

1. The common difference of the terms of an arithmetical 
progression is i, the last term is 35), and the sum of all the 
terms is 1900. What is the number of terms? 

In this example, twice the last term, increased by the com- 
mon difference, is 71 J, which, divided by twice the common 
difference, gives 107; this, squared, becomes 11449. Again, 
twice the sum of all the terms, divided by the common dif- 
ference, gives 11400 ; this, subtracted from 11449, gives 49; 
whose square root is 7. Subtracting this root from 107, we 
get 100, for the number of terms* 
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2. The common difference of the te^ms of an arlthmetleAl 
progression is |, the last term is $|, and the sum of all the 
terms is 60|. What is the number of terms 7 Ans. 26. 

8. The common difference of the terms of an arithmetical 
progression is 1, the last term is 14, and the sum of all the 
terms 105. What is the number of terms ? 

CASE XIX. 

Given the common difference* the number of terms, and 
the sum of all the terms, to find the first term. 

RULE. 

Dwide the sum of the terms by the number of terms ; frmn this 
quotient subtract half the product of the comtnon difference into 
the number of terms^ less one. 

Examples. 

1. The common difierence of the terms of an arithmetical 
progression is 7, the number of terms 54, and the sum of all 
the terms is 10233. What is the first term? 

In this example, the sum of the terms, divided by the num- 
ber of terms, is 189^^ ; half the product of the number of terms, 
less one, into the common difference is 185), which, subtract, 
ed from 189), leaves 4, for the first term. 

2. The common difference of the terms of an arithmetical 
progression is i, the number of terms is 59, and the sum of all 
the terms is 1180. What is the first term ? Ans. 1. 

» 

3. The common difference of the terms of an arithmetical 
progression is 1), the number of terms is 30, a^nd the sum of 
all the terms is 832^. What is the first term 7 

4. A father divides 92000 among^ five sons, so that each 
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elder should receive 940 more than his next younger brother. 
What is the share of the yoangest T 

CASS XX. 

Given the common difference, the last term, and the sum of 
all the termsi to find the first term. 

RULE. 

From the square of the last term increased hy half the com- 
mon differeneef subtract twice the product of the common difer- 
ence into ike sum of all the terms; estractthe square root of the 
remainder y and to this root add half the common difference. 

Examples. 

1. The common difference of the terms of an arithmetical 
progression is 4, the last term is 1006, and the sum of all the 
terms is 127512. What is the first term ? 

In this example, the square of th^ last term, increased by 
half the common difference, is 1020100; twice the product of 
the common difference into the sum of all the terms is 
1020096, which, subtracted from 1020100, gives 4, the square 
root of which is 2 ; this, increased by half the common differ- 
ence becomes 4, for the first term. 

2. The common difference of the terms of an arithmetical 
progression is 8, the last term is 49, and the sum of all the 
terms is 420. What is the first term ? Aos. 7. 

3. The common difierence of the terms of an arithmetical 
progression is 10, the last term is 1003, and the sum of all the 
terms is 50800. What is the first term? 



< 



114 aiOBnt iJOTHMTtC. 



CHAPtER VII. 

GEOMETRICAL PROGRESSION. 

63* A series of Durabers which succeed each other regu- 
larly, by a constant multiplier^ is called a geomeiricoi progret' 
siotu 

This constant factor, by which the successive terms are 
multiplied, is called the ratio. 

When the ratio is greater than a unit, the series is called 
an ascending geometrical progresHon* 

When the ratio is less than a unit, the series is called a de- 
teending geometrical progression. 

Thus 1, 3, 9, 27, dl, iSec, is an ascending geometrical pro- 
gression, whose ratio is 3. 

^<1 ^9 h iV) iV» ^^'9 ^ ^ descending geometrical pro- 
gression, whose ratio is J. 

In geometrical progression, as in arithmetical progression, 
there are five things to be considered : 

1. The first term, 

2. The last term. 

3. The common rfltio, 

4. The number of terms. 

b. The sum ofaU the terms. 

These quantities are so related to each other, that any three 
being given, the remaining two can be ibund. 
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Hence, there must be 20 distinct cases arising from the 
different combinations of these five quantities. 

The solution of some of these cases requires a knowledge 
of higher principles of mathematics than can be detailed by 
arithmetic alone. 

We will give a demonstration of the rules of some of the 
roost important cases. 

CASB r. 

By the definition of a geometrical progression, it follows 
that the second term is equal to the first term, multiplied by 
the ratio ; the third term is equal to the first term, multiplied 
by the second power of the ratio ; the fpurth term is equal to 
the first term, multiplied by the third power of the ratio ; and 
so on, for the sucoeeding terms. 

Hence, when we have given the first term, the ratio, and 
the number of terms, to find the last term, we have this 

RULE. 

Multiply thejirst term by the power of ike riOiOf whose expo* 
neniisoneless than the number of terms. 

Examples. 

1. The first term of a geometrical progression is 1, the 
ratio is 2, and the number of terms is 7. What is the last 
term ? 

In this example, the power of the ratio, whose exponent is 
one less than the number of terms, is 2^=64, which, multipli- 
ed by the first term, 1, still remains 64,.for the last term. 

2. The first term of a geometrical progression is 5, the 
ratio is 4, and the number of terms 9« What is the last term ? 

Ans. 827680. 
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3. A person trareling, goes 5 miles the first day, 10 miles 
the second day, 20 miles the third day, and so on, increasing 
in geomek'ical progression. If he continue to travel in this 
way for 7 days, how far will he go the last day ? 

CASB n. 

If we multiply all the terms of a geometrical progression by 
the ratio, we shall obtain a new progression, whose first term 
equab the second term of the nid progression ; the second 
term of our new progression will equal the third term of the 
M progression, and so on, (ot the succeeding terms. Henoe, 
the sum of the old progression, omitting the fiist term, equals 
the sum of the new progression, omitting its last term. The 
sum of the tiew progression is equal to the M progressiMi, 
repeated as many times as these are units in the ratio. 
Therefore, the difierence between the new progression and the 
old progression, is equal to the oU progression repeated as 
many times as there are units in the ratio, less one. But we 
also know, that the difierence between these progressions is 
equal to the last term of the new progression, diminished by 
the first term of the ol4 |m)gression ; and since the new pro- 
gression was formed by multiplying the respective terms of the 
dd progression by the ratio, it follows that the last term of 
the new progression is equal to the last term of the old pro- 
gression, repeated as many times as there are units in the 
ratio. Therefore, the last term of the new progression, di- 
minislied by the first term of the old progression, is equal to 
the last term of the old pr ogro ssioH, repeated bm OMny times 
as there are units ia the ratio^ ^mimshed hy the first term cf 
the old progression. Hence, we finally obtain this condition ; 

Tiaithe nm of dU ih4 terms of a geemelneal ffogreedonj 
r^edted me mimji thnes at there (tre unite in the ratio, leesone^ 
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U equal to the last term, mtdiipliedhy the roHo^ dnd diminished 
by the first term. 

Hence, when we baye given the first term of a geometrical 
progressiop, the last term, and the ratio, to find the sum of all 
the terms, we have this 

RULE. 

Subtract the first term from the product of the hut term into 
the ratio ; divide the remainder by the ratio^ less one. 

Examples, 

1. The first term of a geometrical progression is 4, the last 
term is 78732, and the ratio is 3. What is the sum of all the 
terms ? 

In this example the first term subtracted from the product 
of the last term, into the ratio, is 236192, which divided by 
the ratio, less one, gives 118096, for the sum of all the terms. 

2. The first term of a geometrical progression is 5, the last 
term is 327680, and the ratio is 4. What is the sum of all 
the terms? Ans. 436905. 

3. A person sowed a peck of wheat, and used the whole 
crop for seed the following year ; the produce of this 2d year 
again for seed the 3d year, and so on. If, in the last year 
his crop is 1048576 pecks, how many pecks did he raise in 
all, allowing the increase to have been in a four-fold ratio. 

CASS III. 

Since by case I. the last term is equal to the first term^ 
multiplied into a power of the ratio, whose exponent is equal 
to the number of terms, less one, it follows that the first term 
is equal to the last term, divided by the power of the ratio, 
whose exponent is one less than the number of terms. 
11 
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Heooe^ when we have giren the laet term, the ratioi aad 
the number of terms, to find the first term, we have this 

RtJLB. 

Divide th6 last term by a power of ihe ratio^ whoHexponent 
is one less than the number of terms. 

Examples. 

1. The last term of a geometrical progression is 1048576, 
the ratio is 4, and the number of terms is 11. What is the 
first term 1 

In this example the ratio 4 raised to a power, whose index 
is 10, one less than the number of terms, is 4> ^ =1048576, 
.% 1048576, divided by 1048576, gives 1, for the first term. 

2. A man has 6 sons, among whom he divides his estate in 
a geometrical progression, whose ratio is 2; the last son re- 
ceived $4800. How much did the first son receive ? 

Ans. $150. 

3. A person bought 10 bushels of wheat, paying for it in 
geonietrical progression, whose ratio is 3 ; the last bushel cost 
him »1 96.83. What dij he give for the first bu^hel ? 

CASE XV. 

We also discover from case I. that the last term divided by 
the first term, will give the power of the ratio, whose expo- 
nent is the number of terms, less one. 

Hence, when we have given the first term, the last term, 
and the number of terms, to find the ratio, we have this 

RULE. 

Divide thelastterm hy thefrst ierm^ extract that roUofthe 
quotient which is denoted by the number oftermsy less one. 



1 
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Examples* 

1* The first term of a geometrical progression is 1, the last 
term is 64, and the number of terms is 7. What is the ratio ? 

In this example the last term divided by the first term is 64^ 
the number of terms, less one, is 6, •*• we must extract the 6th 
root of 64 ; we first extract the square root, which is 8, we 
now extract the cube root of 8, which is 2, for the ratio. 

2. In a country, during peace, the population increased every 
year in the same ratio, and so fast, that in the space of 5 
years it became from 10000 to 14641 souls. By what ratio 
was the increase, yearly? Ans. -if. 

3. The first term of a geometrical progression is 4, the 
last term is 78732, and the number of terms is ID. What is 
the ratio? 

CASE y. 

If, in case II. we write the product of the first term, into 
the power of the ratio, whose exponent is the number of tertqa^ 
less one, instead of the last term, as drawn from case I. we 
shall have the sum of all the terms, repeated as many times as 
there are units in the number of terms, less one, equal to the 
power of the ratio whose expcment is equal to the number of 
t^rms, diminished by one and multiplied by the first term. 

Hence, when we have given the first term, the ratio, and 
the number of terms, to find the sum of all the terms, we have 
this 

RULE. 

Fromikepower of (her aiio^ whose exponent is ihe number of 
terms, subtract onCf dmde the remaind^ by the ratioj less one^ 
and multiply the quotient by the first term. 
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1. The first term of a geometrical progression is 3, the ratio 
is 4, and the number of terms 9. What is the sum of all the 
terms? 

In this example the ratio raised to a power whose exponent 
is the number of terms, is 4^=262144: this, diminished by 
one, becomes 262143, which, divided by 3, gives S7381 ; this, 
multiplied by the first term, becomes 87381 X 3=262143, for 
the sum of all the terms. 

2. A king in India, named Sherah, wished, according to 
the Arabic author Asephad, that Sessa, the inventor of chess, 
should himself choose a reward. He requested the grains of 
wheat, which arise, when 1 is calculated for the first square 
of the board, 2 for the second square, 4 for the third, and so 
on ; reckoning for eack of the 64 squares of the board* twice 
as many grains as for the preceding. When it was calcula- 
ted^ to the astonishment of the king, it was found to be an 
enormous number. What was it? 

Ans, 18446744073709551615 ; 
a sum which, according to a moderate calculation, could not 
be obtained from the whole earth, in upwards of 70 years, if 
all the land were employed in the cultivation of wheat. 

3. A gentleman married his daughter on New Year's day^ 
and gave her husband 1 shilling towards her portion, and was 
to double it on the first day of evci^y month during the year. 
What was her portion ? 

C4.SE VI. 

We know from case V. that the sum of all the terms multi- 
plied by the ratio, less one, is equal to one subtracted from the 
power of the ratio, whose exponent is the number of terms, and 
this remainder multiplied by the first term. 
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Hence, when we have given the sum of aH the tenns, the 
number ef tenus* and the ratio, to find the first term, we 
have this 

RULE. 

Mubiply the sum ofaU the terms by the ration less one^ divide 
the product by the power of the rafto, whose index is the number 
of terms f after diminishing it by one. 

Examples* 

1. The sum of all the terms of a geometrical progression is 
262143, the number of terms is 9, and the ratio is 4. What 
as the first term t 

In this example the sum of all the terms multiplied by the 
ratio, less one, is 2&2143 x 3=786429 ; the power of the ratio, 
whose exponent is the number of terms, is 4^=262144, this, 
diminished by 1, becomes 262143; .*. 786429, divided by 
262143, gives 3, for the first term. 

2. The sum of all the terms of a geometrical progression is 
591^^, the number of terms is 7, and the ratio \s |. What 
is the first term 7 ^ Ans. 9« 

3. If a debt of 84095 is discharged in 12 months, by pay. 
ing sums which are in geometrical progression, the ratio of 
which is 2, how much was the first payment ? 

CASH vn« 

We have shown under case II., that the sum of all the terms, 
multiplied by the ratio, less one, is equal to the first term sub. 
tracted from the last term into the ratio ; therefore the first 
term is equal to the product of the ratio into the last term, di- 
minished by the product of the ratio, less one, into the sum of 
all the terms. 

11* 
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HencOf when we have given the sum of all the teriiM^ the 
laat term, and the ratify to find.the first tenut we have thi» 

RULE. 

Mtdliply the last term hy the ratiOf emdfrom the product sub- 
tract the product of the swnofaU the terms into ihe rolto, less 
one. 

Examples* 

1. The sum of all the terms of a geometrical progression 
is 486905, the last term is 827680, and the ratio is 4. What 
is the first term? 

In this example we find the last term; mnltiplied by the 
ratio, to be 1310t20. The product of the sum of the terms into 
the ratio, less one, is 1810715; .-• 1310720--1310715=5, for 
the first term. 

2. The sum of all the terms of a geometrical progression is 
613S, the last term is 8072, and the ratio is 2. What 
is the first term 1 Ana. 6. 

3. The sum of all the terms of a geometrical progreesipn is 
1660040, the last term is 1240029, and the ratio[is a. What 
is the first term ? 

CASE vnx. 

From the condition under case II., we see 4hat the ratio, 
multiplied into the sum of all the terms diminished by the last^ 
term, is equsd to the sum of all the terms, diminished by the 
first term. 

Hence, when we have given the first term, the last term, 
and the sum of all the terms, to find the ratio, we have this 
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RULE. 

Dimde the sum of dUthe terms diminished by the first term^ 
hffthe sum ofmU the terms diminished hy the last term^ 

Examples* 

1. The first teim of a geometrical progression is 5, the last 
term' is 327690, and the sum of all the terms is 436905. 
What is the ratio? 

Id this example the sum of all the terms, diminished by the 
first term, is 436900, and the sum of all the terms, diminished 
by the last term, is 109225; .% 436900, divided by 109225, 
gives 4, for the ratio. 

2. The first term of a geometrical progression is 6, the last 
term is 3072, and the sum of all the terms is 6128. What 
is the ratio ? Ans» 2. 

3. The first term of a geometrical progression is 7, the last 
term is 1240029, and the sum of all the terms is 1860040. 
What is the ratio 7 

KoTE. — ^The demon9tration of the rules for the following cases have not 
boon given; they may, however, be obtained by combining the cooditioDS 
of some of the foregoing cases. 

CASB IX. ', 

ft 

Given the first term, the ratio, and the sum of all the terms^ 
to find the last term* 

RULE. 

To the first term^ add the prodtict of the ratio^ less one^ into 
the sum ofdU the terms; divide this sum hy the ratio. 

Examples* 
1. The first term of a geometrical progression is 4, the ratio 
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is 8, and tlie 8om of all the terms is 1 18096. What is the last 
tmtkl 

In this example the product of the ratio, less one, into the 
sum of all the terms is 236192, which, added to the first term, 
gires 236196, this, divided by the ratio, gives 78732, for the 
last term, 

2. A man bought a certain number of yards of cloth, giving 
3 cents for the first yard, 6 cents for the second yard, 1^ cents 
for the third yard, and so on, for the succeeding yards. If 
the whole number of yards cost 8122.63, what did the last 
cost? Ans. $62.33. 

3. A person bought a certain number of pears for £4 6«. 
2d. 3^^.; he gave 1 farthing for the first, 2 farthings for the 
second, 4 for the third, and so on, doubling each time* What 
did he pay for the last ? 

CASE X. 

> 

Given the ratio, the number of terms, and the sum of all the 
terms, to find the last term : 

RULE. 

Raise the ratio to a power ^ whose exponent is the number of 
terms, less one, muUiply together this power, the sum of aUihe 
terms, and the ratio, less one; then divide this product, by one 
less than the power of the ratio, whose exponent is the number 
of terms. 

Examples* 

I. The ratio of the terms of a geometrical progression is 3, 
the number of terms is 10, and the sum of all the terms is 
1 18096. What is the last term ? 

In this examplo the ratio raised to a power, whose expo- 
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nent is the number of terms, less one, is 8* =19688, this mul. 
tiplied by the sum of all the terms, and the ratio, less one, is 
19683X118096X2=4648967136; the power of the ratio^ 
whose exponent is the number of terms, is 59049, this, dimin- 
ished by one, becomes 59048 ; ••. 4648967136, divided by 
59048, gives 78732, for the last term. 

2. The ratio of the terms of a geometrical progression is 3, 
the number of terms is 10, and the sum of all the terms is 
295240. What is the last term? Ans. 196830. 

3. The niitio of the terms of a geometrical progression is 2, 
the number of terms is 11, and the sum of all the terms is 
20470. What is the last term? 

CASE XI. 

Given the first term, the number of terms, and th6 last term, 
to find the sum of all the terms. 

RULE. 

. Extract the rootf denoted by the numher ofterms^ less one, of 
ihe last and first terms ; then raise these roots to a powerywhose 
exponent is the number of terms, then divide the difference of 
these powers by the difference of the roots. 

Examples* 

1. The first term of a geometrical progression is 1, the 
number of terms is 10, and the last term is 19683. What is 
the sum of all the terms ? 

In this example we must extract the 9th root of the last 
and first tenns, which give 3 and 1 for the roots; these 
must be raised to the 10th power, which give 59049 and 1, 
the difference of which is 59048^ this, divided by 3—1=2, 
gives 29524, for the sum of all the terras. 
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2. The first term of a geometrioa] progresBion is 1» tbe last 
term is 2048, and the number of terms is 12. What is the 
sum of all the terms ? Ans. 4095. 

3. The first term of a geometrical progression is 1, the last 
term is 196S3, and the number of terms is 10. What is the 
sum of all the terms ? 

CASE xn. 

Given the ratio, the number of terms, and the last term, to 
find the sum of all the terms. 

RULE. 

Raise the ratio to a power ^ whose exponent is ihe number of 
terms, fromJhis poujer subtract one, and multiply the remamder 
by the last term ; divide this product by the product of the ratio, 
less one^ into the power of the ratio, whose exponent is the nuin. 
her of terms, less one. 

Examples. 

1. The ratio of the terms of a geometrical progression is 2, 
the number of terms is 12, and the last term is 2048. What 
is the sum of all the terms ? 

In this example the ratio, raised to a power, whose expo- 
nent is the number of terms, is 2i*=4096, this, diminished 
by one, becomes 4095, which, multiplied by 2048, becomes 
8886560 ; again, the power of the ratio, whose einponent ia 
one less than the number of terms, is 2048, which, multiplied 
by the ratio, less one, is not changed ; ••• 8386560 divide by 
2048, gives .4095, for the sum of all the terms. 

2. The ratio of the terms of a geometrical progression is 
f, the number of terms is 8, and the last term is 106m« 
What is the sum of all the terms 7 Ans. Wl\^ 
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3. The ratio of the terms ci a geometrical progreanoA ia 
it the number of terms is 7, and the last term ia 258}|^. 
What is the sum of all the termsl 

NoTB.-^The eight remaining cases in geometrical piogrettrion, ean 
not be solved by the oidinury processes of arithmetic, but require for 
their sohition, a knowledge of logarithnu and dlgt^aic epufii(m9, above 
the second degree. 



64* When the ratio of a geometrical progression is less 
than a unit, the first term will be the largest^ and the last 
term the least*— the progression will, in this case, be descending ; 
but if we consider the series of terms in a reverse order, that 
is, calling the last term the first, and the first the last, the pro* 
gression may then be considered as ascending. 

If a decreasing geometrical progression be continued to an 
infinite number of terms, we may neglect the last term as of 
no appreciable value ; we can find its sum by case II., when it 
is modified, as follows: 

Given the first term of a descending geometrical progres- 
sion, and the ratio, to find the sum of all the t^rms, when con- 
tinued to infinity* 

RULE. 
Divide the first term hy a unit diminished by the ratio. 

Examples, 

1. What is the sum of all the terms of the infinite series 1, 
i> h h <&c. ? 

In this example a unit, diminished by the ratio, is 1— i=:|, 
and the first term, 1, divided by i, gives 2, for the sum of all 
the terms. 
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3« What is the sum of the infinite series 1, i, |, ^, dec? 

Ans. li* 

8. What is the sum of the infinite series ^, y^^, nfrv' 

4. What is the sum of the infinite series yV* jhf* r-fczf 
ttWtt* ^«' ^ -^^- *• 

5. What is the sum of the infinite series t|j, ttHti 
ttttHtt* '*^<^ ^ Ans-^V- 

6. What is the sum of the infinite series tV* riz^ tII •' 

7. What is the sum of the infinite series y^j, y^^v* 

From a mere inspection of the above examples, we dis- 
cover that a vulgar fraction whose numerator is 1, when 
converted into a decimal fraction, forms a geometrical series^ 
whose first term agrees with the first significant figure in the 
decimal ; the ratio is the first remainder which was obtained 
when dividing by the denominator. 



i 
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CHAPTE» VIII. 

SIMPLR INTEREST. 

65* Interest is money paid by the borrower to the lender, 
for the use of the money borrowed. 

It 16 estimated at a certain per cent, per annum} that is, a 
eertain number of dollars for the use of 9100, for one year. 

Thus, when $6 is paid for the use of 9100, for one year, 
the interest is said to be at 6 per cent. 

In the same manner when $5 is paid for the use of 9100, 
for one year, the interest is said to be at 5 per cent. ; and the 
same for other rates. 

The rate per cent, is generally fixed by law. In the New 
England States tlie legal rate ia^p&rcent.y whilst in the State 
of New York it is 7 per cent* 

The sum of money borrowed, or upon which the interest is 
computed, is called the prinoipdl. 

The principal, with the interest added to it, is called the 
amount. 

CASE X. 

To find the interest on 91, for any given time^ at 6 per cent. 

The interest on 9100, for one year, at 6 per cent., being 96, 
it follows that the interest on 91, for one year, is 90.06 ; and 
since 2 months is ■^■j=^} of a year, the interest on 9^, for 2 
months, is 90.01 ; again, since 6 days is fy=^ of 2 months, 
when we reckon 80 days to each month, it follows that the 
12 



130 HIOHEB ABIT^XJEETXC. 

interest on 81, for 6 days, is 80.001* Hence, we have the 

following 

RULE. 

€aU half (he number of morula, cents ; one sixth the number 
of daySf mills. 

Examples. 

1. What is the interest of 8l, for 7 months and 10 days, 
at 6 per cent, 1 

In this ejcample half the number of months is 3), which 
being called cents, gives 80.035, for the interest of 81, for 7 
months ; again, one*sixth of the number pf days ie^ 11,. which, 
being called mills, gives 80.0011, for the interest of 81, for 
10 days; therefore, the interest for 81, for 7 months and 10 
days, is 80.036}. 

2. What is the intereist of 8l» for 11 months and 11 days^ 
at 6 per cent. ? Ans. 80.056{. 

3. What is thd interest of 81, for 3 years 7 months, that is, 
for 43 months, at 6 per cent. 1 Ana. 80.2 15. 

' 4. What is the interest of 81, for 2 years 7 months and 9 
days, at 6 per cent. ? Ans. 80.1565. 

5. What is the interest of 81, for 1 year 7 months and 15 
days, at 6 per cent. ? Ans. 80.0975. 

6. What is the interest of 81, for 7 years and 9 days, at 6 
per cent. ? Ans. 80.41215. 

7. What is the interest of 81, for 3 years 5 months and 3 
days, at 6 per cent. ? Ans. 80.2055. 

8. What is the interest of 81, for 9 years and 3 months, at 
6 per cent, t 

9. What is the interest of 81, for 21 years 5 months and 
6 days, at 6 per cent.? 
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10. What is the interest of 91, for 7 months and 11 days, 
at 6 per cent. ? 

11. What is the interest of 91, for 3 years and 9 monthf» 
at 6 per cent. ? 

CABE II. 

To find the interest of any given principal, for any given 
time, at 6 per cent., we have this 

RULE. 

Find the interest on 9I9 for the given timet by ease /., multi- 
ply the interest thus found by the given principal. 

Examples. 

1. What is the interest of 949.37, for 13 months and 15 
days, at 6 per cent. 7 

In this example we find the interest on 91, for 13 months 
and 15 days, at 6 per cent., to be 90.0675, which, multiplied 
by the principal, gives 93.332475, for the interest on 949.37, 
for the given time. 

2. What is the interest of 9608.62, for 1 year and 9 months, 
at 6 per cent. 7 Ans. 963.9051. 

3. What is theinterest of 9341.13, for 7 years and 9 days, 
at 6 per cent.? Ans. 9143.786295. 

4. What is the interest of 9100, for 16 years and 8 months, 
at 6 per cent. 7 Ans. 9100. 

5. What is the interest of 9591.03, for 4 years 3 months 
and 7 days, at 6 per cent. 7 Ans. 9151.402185. 

6. What is the interest of 90.184, for 4 months and 3 days, 
at 6 per cent, 7 Ans. 0.002747. 

7. What is the interest of '97.60, for 7 months, at 6 per 
cent. ? 



laS HlOim ABiraUTZOt 

8^ What is the interast of (dTLOl, for 4 yean and 15 days, 
at 6 per cent. ? 

^. What is the interest of 957.92, for 8 years 7 months 
and 9 days, at 6 per cent. ? 

; 10. What is the interest of 9329, for 5 years and 13 days^ 
at 6 per cent. ? ^ 

11. What is the interest of $47.39, for 1 year and 7 months, 
at 6 per cent. ? 

To find the interest on any given principal, for any given 
tiroe^ at any given rate per cent, we have this 

RULE. 

Find the interest on the given princvpcd^for the given time, 
(A 6 per ceni^y by ease IL Then increase^ or decrease^ ihis 
vnitereet if As same part of UseHf, at it would be neeeseary to 
increaee^or decrease^ 6finorder to make it agree wUh ihegioen 
per cent* 

Examples. 

1. What is the interest of 919.41, for 1 year 7 months 
and 13 days^ at 7 per cent. ? 

In this example, we find by case II., that the interest of 
919.41, for 1 year 7 months and 13 days, at 6 per cent., is 
91.886005. Since 6, increased by its sixth part, equals 7, it 
will be necessary to increase the interest just found, for 6 per 
cent., by its «ixth part, which becomes 92.200339|y for the 
interest at 7 per cent 

2. What is the interest of 9530, for 3 years and 6 months, 
at 5 per cent. ? Ans. 992.76. 
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In this example it was necessary to decrease the interest 
at 6 per cent., by its sixth part. 

3. What is the interest of 85.37, for 4 years and 12 days, 
at 8 per cent. ? Ans. <H.73272. 

In this example we increased the interest at 6 per cent, by 
its third part. 

4. What is the interest of $4070, for 3 months, at 9 per 
cent? Ans. $91,575. 

5. What is the interest of $3671, for 6 months, at 10 per 
cent. ? Ans. $183.55. 

6. What is the interest of $4920.05, for 3 months, at4 
per cent. ? Ans. $49.2005. 

7. What is the inteiest of $40.17, for 3 months and 18 
days, at 3 per cent. ! Ans. $0.36153. 

8. What is the interest of $37.13, for 5 months and 12 
days, at 4) per cent. ? Ans* $0.7518825. 

9. What is the interest of $489, for 3 years and 4 months, 
at 5| per cent. ? 

10. What is the interest of $700, for 1 year and 9 months, 
at 7 per cent. 1 

NoTB. — When &e principal is given in English money, we must reduce 
the shillings, pence, and farthings, to the decimal of a potmd; and then 
proceed as in Federal money. 

« 

11. What is the interest of £75 ISs* 6i., for 3 years and 
5 months, at 6 per cent. ? 

In this example, 13^. 6(2., reduced to the decimal of a pound, 
is 0.675, so that our principal is £75.675; the interest on 
£1, for 3 years and 5 months, at 6 per cent., is £0.205, 
which, multiplied into £75.675, gives £15.513375 =£15 
10^. 3f^^d.j for the interest required. 
12* 
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12. What is the interest of £14 5s, S^d.^ for 4 yearn 6 
months and l4daysiat 7per cent. 7 Ans. £4 10«« 7^d. 

13. What is the interest of £1 7«. 6d.f for 2 years and 6 
months, at 4) per cent.? Ans. £0 3^. 1 Jd. 

14. What is the intere9t of £105 lOx. 6d., for 9) months, 
at 5 per cent. 7 



PARTIAL PAYMENTS. 

66* When notes, bonds, or obligations, receive partial 
payments, or endorsements, we must use the following rule, 
which was given by Chancellor Kent, in the New York 
Chancery Reports : 

RULE. 

<< The rule for casting interest, when partial payments have 
been made, is to apply the payment, in the first place, to the dis- 
charge of the interest then due. If the payment exceed the vu 
terest, the surplus goes towards discharging the principal, and 
the subsequent interest is to be computed on the balance of 
principal remaining due. If the payment be less than the in- 
terest, the surplus of interest must not be taken to augment the 
principal; but interest continues on the former principal untU 
the period when the payments, taken together, exceed the interest 
due, and then the surplus is to be applied towards discharging 
the principcd ; and interest is to be computed on the balance, as 
aforesaid" 

Examples.^ 

Utica, Nov. 1, 1837. ' 
1. For value received, I promise to pay Thomas Jones, or 
order, the sum of six hundred and twenty dollars, on demand, 
with interest. ^ * Charles Bakk. 
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The following endorsements were m&de oH this note : 

1838, Oct. 6, there was endorsed •61.07 

1839, March 4, <« « « 89.03 

1839, Dec. 11, " *• « 107.77 

1840, July 20, " " " 200.60 

What was the balance due, Oct. 15, 1840, allowing 7 per 
cent* interest ? 

The amount of note, or principal, is 8620,000 

Interest on the same, up to Oct. 6, 1838, is 40.386 



Amount due on note, Oct. 6> 1838, is 660.386 

The first endorsement is 61.070 



699.316 
Interest from Oct. 6, 1838, to March 4, 1839, is 17.247 



Amount due March 4, 1839, is 616.563 

The second endorsement is 89.030 



•ii^-ita 



527.633 
Interest from March 4, 1839, to Dec. 1 1, 1839, is 28.413 



655.946 
The third endorsement is 107.770 



^ 448.176 

Interest from Dec. 1 1, 1839, to July 20, 1840, is 19.085 



467.261 
The fourth endorsement is 200.500 



266.761 
Interest from July 20, 1840, to Oct. 15, 1840, is 4.410 



Ans. 271.171 
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nnoA, May 1, 1886. 
2. For value received, I promise to pay baac Spencer Clark, 
or ordoTi three hundred and forty-nine dollars ninety-nine 
cents and eight mills, with interest, at 6 per cent. 

Jaxbs N. Brown. 

Endorsements were made on this note as follows : 
Dec. 25, 1836, there was paid . 949.998 

June 30, 1837, « « *« 4.998 

Aug. 22, 1838, *« « *« 15.000 

June 4, 1839, •* « " 99.999 

How much was due April 5, 1840 ? 

The amount of the note, or principal, is 8349.998 

Interest up to Dec. 25, 1836, is 13.650 

^ 363.648 

The first endorsement is 49.998 



313.650 
Interest up to June 4, 1839, is 45.950 



359.600 



Endortoment June 30, 1837, which is > g ^ gog 
less than the interest then due, ^ * 

Endorsement Aug. 22, 1838, 15.000 

19.998 
This sum is still less than the interest 

How due. 

Endorsement June 4, 1839, 99.999 

— $119,997 

This sum exceeds the interest now due. — 

239.603 
Interest up to April 5, 1840, is 12.020 



Amount due April 5, 1840, 251.623 



UncA, Dec. 9, 1835. 
3* For value receivedy I promise to pay Peter Smith, or 
order, one hundred and eight dollars and forty .'three cents^ on 
demand, with interest, at 7 per cent* John Sayball. 

Endorsements were made as follows : 

March 3, 1836, there was endorsed $50.04 

Dec. 10, 1836, ** " " 13'19 

May 1, 1838, « " " 50.11 

How much remained due Oct. 9, 1840 ? 

Ans. $5,844. 

UncA, Aug. 1, 1837. 

4. For value received, I promise to pay W. Frederick Gould, 
or bearer, one hundred and forty-three dollars and fifly cents, 
on demand, with interest. Dudley Fabling. 

Dec. 17, 1837, there was endorsed $37.40 

July 1, 1838, « w M 7.09 

Dec. 22, 1839, «* « " 13.13 

Sept. 9,1840, " « " 50.50 

How much r3mains due Dec. 38, 1840, the interest being 
7 per cent. ? 

5. A note of $486 is daLted Sept. 7, 1881, on which, 
March 22, 1832, there was paid 8125 
Nov. 29,1832, « «* « 150 
May 13, 1833, una 12O 

What was the balance due April 19, 1834, the interest be- 
ing 7 per cent. ? 



67* The principal, the rate per cent., the time, and the 
interest, are so related to each other, that any th^ee of them 
being given, the remaining one can be found. 
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PBOBLBX U 

Given the principal, the rate per cent., and the time, to find 
the interest. The rule for this problem has already been giyen 
under case III. Art- 65 ; it is as follows : 

RULE. 

MuUiply the interest of 91, for the given Ume^and given rate 
per cent*f by the principid, 

PBOBLEM n. 

Given the time, the rate per cent., and the interest, to find 
the principal. By the reverse of the last problem we obtain 
tl^is 

RULE. 

Divide the given interest by the interest ^f 9hfor the given 
imei and given rate per cent. 

Exampiesm 

!• The interest on a certain principal, for 9 months and 10 

days, at 4) per cent., Is 91.01605. What was the principal? 
In this example we find the interest of $1, for months 
10 days, at 4i per cent., to be $0,035; .*. $1.01605, divided 
by $0,035, gives 929.03, for the principal required. 

2. What principal will, in 1 year 7 months and 15 days, 
at 6 per cent, give $9.75 interest ? Ans. $100. 

3. What principal will, in 7 years and 9 days, at 6 per 
cent., give $16.86 interest? Ans. $40. 

4. What principal will, in 3 years and 6 months, at 5 per 
cent., give $92.75 interest ? 

5. What principal will, in 3 months and 9 days, at 8 per 
cent, give $90 interest ? 
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PROBLEM ni« 

Given the principal^ the time, and the intereat, to find the 
rate per cent. 

RULE. 

Divide the given inHBrest by the interest of the given principalf 
far the given time, at 1 per cent. 

Examples. 

1. The interest of $100, for 9 months and 10 days, is $3.50. 
What is the rate per cent. 7 

In this example we find the interest of 9100, for 9 months 
and 10 days, at 6 per cent., to be $4.66|. The interest at 1 
per cent* is $0.77^ ; therefore, dividing $3.50 by 80.77}, we 
obtain 4}, for the rate per cent, required* 

2. At what rate per cent. wiU 9530, in 3 years and 6 
months, give $92.75 interest ? Ans. 5 per cent. 

3. At what rate per cent, will $19.41, in 1 year 7 months 
and 13 days, give $2.200339^ interest 1 . Ans. 7 per cent. 

4. At what rate per cent, will $5.37, in 4 years 12 days, 
give $1.73272 interest? 

5. At what rate per cent, will $4070, in 3 months, give 
$91,575 interest? 

PROBLBK lY. 

Given the principal, the rate per cent., and the interest,, to 
find ths time. 

RULE. 

Divide the given interest hy the interest of the given prinei- 
P^^ffor 1 year^ at the given rate per cent* 
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Examples. 

1. In what time will $37.13, at 4} per cent, give 
•0.7518826 interest? 

In this example we find the interest of $37.13, for 1 year, 
at 4i per cent, to be 91.67085 ; .•. dividing 90.7518825 by 
$1.67085, we get 0.45 years; this, reduced to months and 
days, gives 5 months and 12 days. 

2. In what time will $700, at 7 per cent, give $85.75 in- 
terest f Ans. 1 year 9 months. 

3. In what time will $100, at 6 per cent, give $100 inter- 
est ? That is, in what time will a given principal doable itself 
at 6 per cent, interest? Ans. 16| years. 

4. In what time will a given principal double itself at 7 per 
cent. ? Ans. 14!^ years. 

• 5. In what time will a given principal double itself at 8 per 
eent. ? • Ans. 12) years. 

6. In what time will a given principal double itself at 5 per 
cent ? 

7. In what time will a given principal douUe itself at 4) 
per cent. ? 

The following table gives the time required for a given prin- 
cipal to double itself at simple interest. 



Percent. 


Years. 


Percent. 


Yean. 


Percent. 


Yean. 


1 


100 


4 


25 


7 


14f 


n 


66| 


4J 


22} 


n 


184 
12 


2 


50 


5 


20 


8 


H 


40 


H 


18t«r 


8J 


11« 


9 


83J 


6 


16f 


9 


"i 


3i 


284 


H 


15A 


H 


10ft 



PISCOUNT. .1^1 

DISCOUNT. 

68» Discount is an allowatice made for the payment of 
money before it is due. 

The present worth of a debt, payable at some future time, 
without interest, is such a sum of money as will, in the giren 
time, amount to the debt. > 

When the interest is at 6 per cent;, the amount of 8I9 for 
1 year, is $1.06 ; therefore the present worth of $1.06, due 
1 year hence, is $1. We may also infer th^t the present 
WOTth of any sum for 1 year, wiH be as many dpHars as 
8 1.06 is contained in the given sum. Hence we hay$ the fol. 
lowing 

RULE. 

Find the amount of$l^ for the given time^ atthe given rate 
per cent.y then divide the sum by this amountf and it vnU 
give the present worth. Subtract thk present worth from the 
amount, and it toill give the discount* 

Examples* 

1. What is the present worth of, 8622.76, due 3 years 
and six months, at 5 per cent. ? 

In this- example we find the amount of $1} for 3 years and 
6 months, at 5 per cent., to be 81.175 ; therefore dividing 
8622.75 by 8 1 . 1 75, we get 8530, for the present worth. If we 
subtract the present worth from the sum, we get 892.75 for 
the discount. 

2. What ia the present worth of 84161.575, due 3 months 
hence, at 9 per cent. ? Ans. 84070. 

3. What is the present worth of 87.10272, due 4 yearaand 
12 days hence, at 8 per cent^ ? Ans. 85.37. 

13 



142 



niOUEB ABXTHKXTIC. 



4. Sold goods for 81500, to be paid one-half in 6 months, 
and the other half in 9 monthe; what, is the present worth 
of the goods, interest being at 7 p6r cent.? . 

Ans.SH37.226. 

5. What is the present worth of (50, payable at the end of 
3 months, at 7 per cent.? Ans. $49.14. 

6. What is the discount on 8X00, due 6 months hence, at 
6.per cent? Ans. 82.91 3. 

7. What IB the discount on 8750, due 9 month» hence, 
at 7 per cent.? Ans. 837.411. 

8. What is the present wQfth of 83471.20, due 3 years and 
9 months hence, at 4} per cent.? Ans. $2970.01« 

9. What is the discount of 8150, due 3 months and 18 
days henee» at 6 per cent. ? 

10. What is the discount of 8961.13, due > year and 5 
months hence, at T per cent.' V 

11. What is the discount of 837.40, due at the end of 7 
months, at 6 per cent.? * 
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CHAPTER IX. 



, COMPOUND, INTEREST. 

69« When at the end of each yeitr>. the interest due is 
added to the principal, and the amount thus obtained is con- 
sidered as a new principal^ upon which the interest is cast for 
another year» and added to it to form a new principal for the 
next year, and so on to the last year, the last amount thus ob- 
tained, is called the amount at ookpousid wTntssr. If 
from this amount we subtract the original principal, we ob- 
tain the oojupoxtki) intbhbst* ' 

, Emtmfies. 

U What is the compound interest of 91000^ for 3 years, at 
7 per cent.? 

Principal, ^ «lt)0O 

Interest on $100t) for one year, 70 



y 



First amount, or seccHid prineipa), 1070 

Interest on $1070 for one year, 74.00 



Second amount, br third principal, 1144,90 

Interest on 91144.90 for one year, 80.143 

Third amount^ 1225.043 

Original principal^ . 1000 

The compound interest required, Atfs. 9225.043 
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•2; What U the compound interest of $100, for 4 years, at 
6 per oedt.? 

Principal, . «100 

Intertot for firat year, 6 

First amount, or second principal , 106 

Interest for second year, 6«36 

Second amount, or third principal, 112.36 

Iliterest fpi? third ^ear, 6.74 

Third amount, or fourth principal^ 119,10 

Interest for fourth year, 7.15. 

Foilrth amount, 129.25 

Oagnsil prinetpaU 100 

Comppund interest required, . Ans. $26.25 

3. What is the compound interest of $630, for 4 year?, 
at 5 per cent.? Ans. 9135,769. 

By qarefuHy reviewing the above manner in which com- 
pound, interest is computed, we discover that the. aoceeasive 
amounts, which are considered as new principals, ibrm the 
terms of a geometrical series, whose first term is the original 
prtneipal, the ratio is the amount of $1, for one year, at the 
given i*ate per cent.; the number of terms Js equal to the num. 
her of years, jp^u« one. 

From this we learn, that.finding the fimount of a given prin* 
cipal,^ for a. given number of years^ at a givQU rate per cent, 
consists in finding the last term of a geometrical progression, 
when the first term, the ratio, and the number of terms are 
given. This question has been solved by Case I. j of geomek^ 
ricalpragressioiu 
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The following table gives the amount of $1, or £1, for any 
number of years, not. exceeding 30, at 3, 4, 5, and 6 per 
cent.9 at compound interest, the interest being .compounded 
ifearly. 



w 



YearB.[ 3 per cent. [ 4 per cent. | 5 per cent. | 6 per cent. 



1 


1.030000 


1.040000 


1.050000 


1.060000 


2 


" 1.060900 


1.081600 


1.102500 


1.123900 


3 


1.092727 


1.124864 


1.157625 


1.191016 


4 


1.125509 


1.169859 


1.215506 


1.262477 


5 


1.159274 


1.216653 


1.276262 


1.338220 


6 


1.194052 


1.265319 


1.340096 


1.418519 


7 


1.229874 


1.315932 


1.407100 


1.503630 


8 


1.266770 


1.368569 


1.477455 


1.593848 


9 


1.304773 


1.423312 


1.551328 


1.689279 


10 


1.3439^16 


1.4Q0244 


1.628895 


1.790848 


11 


1.384234 


1.539454 


1.710339 


1.898299 


12 


1.425761 


1.601032 


1.795856. 


2.012196 


13 


1.468534 


1.665074 


1.885649 


2.132928 


14 


1.512590 


1.731676 


1.979932 


S. 260904 


15 


1.557967 


1.800944 


2.078928 


2.396558 


1$ 


1.604706 


1.872981 


2.182875 


2.540352 


17 


1.652848 


1.947990 


2.292018 


2.692773 


18 


1.702433 


2.025817 


2.406619 


2.854339 


19 


1.753506 


2.106849 


2.526950 


3.021599 


20 


1.806111 


2.191123 


2.653298 


3.20tl36 


21 


1.860295 


2.278768 


2.786963 


3.a99564 


22 


1.916103 


2.369919 


3.9252Q1 


8.603537 


23 


1.973587 


2.464716 


2.071524 


3.819760 


24 


2.032794 


2.563304 


3.2261(>0 


' 4.048935 


25 


2.093778 


2.665836 


8.386855 


4.291871 


26 


2.156591 


2.772470 


3.655673 


4.549383 


27 


2.221289 


2.883369 


3.733456 


4.822346 


28 


2.287928 


2.998703 


3.920129 


5.1li687 


29 


2.356566 


2.118651 


4,116136 


5.418388 


30 


2.427262 


2.243398 


4.321942 


5.743491 
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We will DOW solve the followiBg questiboB by means of the 
above table. 

4. What is the amount of $790, for 18 years, at 6 ^er cent.? 1 

From our .table we find the amount of 9l, for 13 yeara^ 
at 6 per cent, to be $2.132028 ; this multiplied by the priawpal, 
$7^0, gives $1685.013, for the amount required. 

5. What is the compound Interest of $49, for 20 years^ at 

5 per cent ? 

In this example, we find from the table, that the amount of 
$l,for 20 years, at 5 per cent., is $2.653208, which, multiplied 
by $49, gives $180,012 for the amount of $49« from which, if 
we subtract $49, we get $81,012, for the Compound interest re- 
quired, * 

6. What is the compound interest of $100, for 17 years, at 
6 j)er cent. ? Ans. $169.277. 

. 7. .Whtt is the compound interest of $875,for]20 years, at 

6 per cent. 1 ^ $827,676. 

&* What is the ampunt o£ $875, for 12 years, at 6 per 
cent, compound interest? Ans. $1760.672. 

9. What is the amount of $625, for 18 years, at 5 per 
cent., compound interest? Ans. $1504.137. 

10. What is the amount of $379, for 30 years, at 3 per 
cent., compound interest ? 

11. What is the amount of $4000, for 27 years, at 4 per 
cent., compound interest ? 

Note.— rWhen tfie interest is compoanded half-yearly ^ w« must take 
the amount of $1, f<» half a year, and rai^e it to >a power de,noted by 
ihe number of halHyears In the whole time; this power multiplied by the 
principal will give the amount. We must proceed in a similar way for 
.apy other aliquot part of a year. 
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12. Wha t is the amount of $1 00, for 3 yean, at 6 per «ent. 
per annum, when the interest is added at the end of every 6 
months? 

In this example, we change the 6 per eent. to 3 per cent., 
and the 3 years to 6 years; we then find the tabular number 
to be 01.194052, which, multiplied by 100, gives^tl 19.405, 
for the amount required. 

13. What will £600 amount to in 6 years, at 8 per cent, 
compound interest, supposing the interest to , be receivable 
haif-yearly ? Ans. £960 128. 4}^ 

14. What will $890 amount to in 5 years 4 mQnths, at 9 
per cent, per annum, compound interest, the interest being 
addod at the end of eveiy 4 months ? Ans, f 1428»188« 

15. What will 83705 amount to in 3 years and 3 months, 
at 12 per cont. per annum, compound interest,4he interest be- 
ing added at the end of every 3 months t 

16. What will 9378 amount to in 7 years and 6 months, at 
per cent, per annum, the interest being compounded half- 
yearly T 

17. What will $1000 amount to in 15 years, at 8 per cent, 
per annum, the interest being compounded half-yearly ? 



COMPOUND DISCOUNT. 

70* Compound discount is an allowance made fi>r the pay- 
ment of money before, it is due, on the supposition that the 
money draws compound interest. 

The present vxnih of a debt payable at some future period 
without interest, is such a sum as being put out at compound 
interest, wilt, in the given time, at the given rate, anumnt to 
the debt 
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Henee, the finding the present worth, resolves itself into 
the following; 

Given the amount at compound interest, the time, and the 
rate per cent., to find the principal. 

Under compound interest it was shown, that the amount was 
^ual to the prinpipal multiplied hy the amount of $1, for one 
year, raised to a power whose exponent is the number of years. 
Hence, we have the following rule to find the principal, or 
present worth : 

RULE. 

Dwide the amount by the amount of $lffor 1 yeaVf raised to 
c power tnhose exponent is equal to the number of years* 

Examples. 

i. What is the present worth of 8^1695^ due IS years hence, 
allowing discount according to 6 per cent, compound interest? 

From the table under Art. 69, we find that the amount of 
91, for 1 year, at 6 per cent., raised to the 13th power, is 
92.182928 ; .\ dividing9l685 by 92. 132928, gives 9789.994, 
fi>r the present worth required. 

2. How much money must be placfed out at compound in- 
terest to amount to 91000 in 20 years, the interest being 5 per 
cent. ? Ans. 876.889. 

8. What is the present worth of 93526, due in 3 years, 
discounting at 6 per cent, compound interest T 

Ans. 92959.658. 

4. What is the present worth of 9350, due 5 years hence, 
discounting at 6 per cent, compound interest? 

.^ Ans. 9261.54. 

The present v)orth of a given sum of m<»iey, discoiinting at 
compound interest, is easily obtained by the following table. 
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This table giyes the prbsbnt wobtr of ^1^ of £h fo' ^^7 
number of years, from 1 to 80^ at 3, 4, 5, and B per cent., com- 
pound discount. 



YeairB.| 3 per cent. ( 4 per cent. | 5 per cent. | € per cent. 



1 


0.970874 


0.901538 


0.95^381 


0.948896 


2 


0.942596 


0.924556 


0.907029 


0.889996 


3 


0.915142 


0.888996 


0.863838 


0.839619 


4 


0.888487 


0.854804 


0.822702 


0.792094 


5 


0.862609 


0.821927 


0.783526 


0.747258 


6 


0.837484 


0.790315 


0.746215 


0.704961 


7 


0.813092 


0.759918 


0.710681 


0.665057 


8 


0.789409, 


0.730690 


0.676839 


0.627412 


9 


0.766417 


0.702587 


0.644609 


0.591898 


10 


0.744094 


0.675564 


0!613913 


0.558395 


11 


0.722421 


0.649581 


0.584679 


0.526788 


12 


0.701380 


0.624597 


0.556837 


0.496969 


13 


0.680958 


0.600574 


0.530321 


0.468840 


14 


0.601118 


0.577475 


0.505068 


0.442301 


15 


0f641862 


0.555264 


0.481017 


0.417265 


16 


0.623167 


0.533908 


0.458112 


0.393646 


17 


0.605016 


0.513373 


0.436297 


0.371364 


18 


0.587395 


0.493628 


0.41^521 


0.350344 


19 


0.570286 


0.474642 


0.395734 


0.330513 


20 1 


0,553676 


0.456387 


0.376889 


0.311805 


21 


0.537549 


0.438834 


0.358942 


0.294155 


22 


0.521892 


0.421955 


0.341850 


Q.277505 


23 


0.506692 


0.406726 


0.325571 


0;261797 


24 


0.491934 


0.390121^ 


O.310068 


0.246979 


25 


0.477606 


0.375117 


0.295303 


0.232999 


26 


0.463695 


0.360689 


0.281241 


0.219810 


27 


0.450189 


0.346817 


0.26784B 


0.207368 


28 


0.437077 


0.333477 


0.255094 


0.195630 


29 


0.424346 


0.320651 


0.242946 


0.184557 


30 


. 0.411987 


0i30SB19 


0.231377 


0.174110 
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5. Wha^isthd present worth of $100(Hduei27 yearshenee, 
diacouDtiDg at 8 per cent., compound interest? > 

From the above taUe we find the present worth of $1, for 
27 years, at 3 per cent., to be 80.450189 ; this, multiplied by 
itfOO, giTea 8450. 189, for the present worth required*. 

6. What is the present worth of $375, doe 17 years hence, 
discounting at 4 percent., compound interest t 

Ans. 8192.515. 

7. What is the present worth or $672, due 13 years hence, - 
discounting at 5 per cent., compoulid interest 7 . 

8. What is the present worth of $400, due 19 years hence, 
discounting at 6 per cent., compound interest ? ^ i 

•9. What is the present worth of $lll,doe 29 years hence, 
discounting at 3 per cent., compound interest 7 



AlfNUJlTIEB. 

7 1> An annuUifiB a fixed sum of n^ney w^ch is paid 
periodicaUy, for a certain length of time. . 

CASiB '!• 

To find the amount of an annuity, which has been forborne 
for a given time. 

It is obvious that the last year's payment will be simply the 
annuity without any interest ; the last but one will be the 
amount of the annuity for one year; the last but two wiH be 
the amount of the annuity for two years, and so on ; and the 
sum of all these partial amounts, will give the total amount 
due. Now we discover that these partial amounts, or pay- 
ments, form a geometrical progression, whose first term is the 
annuity,* the ratio is the aimount of $1 fi>r 1 year, and the 
number of terms is equal to the number of years ; therefore, 
the amount of an annuity is found by summing the terms of a 
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I 

geometrical progression, when the first term, the number of 

terms, and the ratio, are given ; this has been done by case 

v., under geometrical progression. T^e rule liiay be stated 

as follows: 

RULE. 

From the amount of $l,/or 1 yeaff raised to a power wAoae 
esponent is equal to (Ae number of years, subtract $1, dirside 
the remainder by the interest jof $1, for 1 year, then multiply 
the quotient by tfie annuity. 

XoTK. — ^The different powers of the amoont of 9^1 for one year, may 
be takes from the table uMer Art. 69. 

Examples^ . 

1.. What is the amount of an annuity^ of ^200, which has 
been forborne 14 years, at 6 per cent., compound interest? 

From table under Art« 69^ we find the 14th power of the 
amount of 91, for one year, at 6 per cent., to be 92i2§090i ; 
subtracting 91, and dividing the remainder by 90»0G, the in- 
terest of $1 for oneyear, we get $21.01506, which, multiplied 
by9200« the annuity, gives $4263.012, for the amount re. 

quired. 
2. Suppose a person, who has a salary of $700 a year, 

payable quarterly, to allow it to remain unpaid for 4 .years. 

How much would be due him, allowing quarterly compound 

interest at 12 per cent, per annum ? . Ans« $3527.454. 

3.. What is due on a pension of $150 a year, payable half- 
yeacir, but forborne 2 years, allowing half-yearly compound 
intercfst, at 6 per cent, per annum ? Ans. $318,772. 

4. What is due on a pennon of $350 a year, payaUe quar- 

terly, but forborne 2 j^ years, allowing quarteriy conipound in. 

teiest^ at 13 per cent. ? 

Questions under this rule may be easily wrought by the 

Mowing table. 
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This table shows the amount of an annuity forborne for 
any number of years, not exceeding 30» at 3, 4» 5, and 6 per 
cent/y compound interest. ' 



Years. 1 3 per cent. 


4 per cent. | 5 per cent. 6 per cent. | 


1 


1.000000 


1.000000 


1.000000 


1.000000 


2 


2.030000 


2.040000 


2.050000 


2.060000 


3 


3.090900 


3.121600 


3.152500' 


3.183600 


4 


4.183627 


4.246464 


4.310125 


4.374616 


6 


5.309136 


5.416323 


5.525631 


5.637093 


6 


6.468410 


6.632975 


6.801913 


6.975319 


7 


7.662462 


7.898^94 


8.142008 


8.393838 


8 


8.892336 


9.514226 


9.249109 


9.897468 





10.159106 


10«582795 


11.026564 


11.491316 


10 


11.463879 


12.006107 


12.577893 


13.180796 


U 


12.807796 


13.486351 


14.206787 


14.971643 


12 


14.192030 


15.025805 


15.917127 


16.869941 


13 


16.617790 


16.626838 


17.712983 


l$.8d2138 


14 


17.086324 


18.291911 


19.59863t2 


21.015006 


15 


18.598914 


20.023588 


21.578564 


23.276970 


16 


20.156S8.1 


21.824531 


23.657492 


25.672528 


17 


21.761588 


23.697512 


25.840366 


28.212880 


18 


23.414435 


25.645431 


28.132386 


30.905663 


19 


25.116868 


27.671229 


30.539004 


33.759992 


20 


26.870374 


39.778079 


33.066954 


36.785691 


21 


28;676486 


31.969202 


35.719252 


39.992727 


22 


30.536780 


34.247970 


38.505214 


43.392290 


28 


32.452884 


36.6178S9 


41.430476 


40.995828 


24 


34.420470 


39.082604 


44.501999 


50.815577 


25 


36.459264 


41.645908 


47.727099 


54.864512 


26. 


38.553042 


44.311745 


51.113454 


59.156383 


^7 


40.709634 


47.084214 


54.669126 


83.705766 


'28 


4J2 .930923 


49,067583 


58.402583 


68.528112 


;i9 


45.218850 


52.966286 


62.S22712 


73.639798 


30 


47.575416 


58.084938 


66.438847 


79.058186 



5« What is due on a pension of $1000, which has been 
forborne 27 years, at 3 per cent.^ compound interest ? 

From the above table wo find the amount of an annuity of 
$1, for 27 years, at 3 per cent., to be $40.709634, which, 
multiplied by 81000, gives $40709.634, for the amount due. 

6. What is the fimount of an annuity of $50, which has 
been forborne 30 years, at 6 per cent., compound interest? 

7. What is the amount of a pension of $300, which has 
been forborne 19 years, at 5 per cent., compound interest | 
1 8. . What is the amount of a pension of $900, which has 
been forborne 17 years, at 4 per cent., compound interest? 

9. What is the amount of an annuity of $751, which has 
been, forborne 13 years, at 5 per cent., compound interest ? 

CASK XI. 

To find the present worth of an annuity which is to tennin- 
ate in a given number of years. 

The present worth of an annuity, is obviously such a snm 
of money as will, at compound interest, produce an amount 
equal to the amoura of the annuity. Therefore^ if we find 
the amount of the annuity by Case I., we may consider it as 
the amount of a certain principal, which principal is the same 
as the present worth. We have already been taught how to 
find the present worth, by rule under compound diteoutU. 
Hence, we have this 

RULE. 

First, Jind the amount of the annuity^ as if it were in arreare 
for the tohole time, by the aid of the table under Case J., of 
Ankuitibs. 

Tlien^findlthe present worth of this amount for thegiventime 
and rate per cent.f by the use of the table under coxpovhd dis- 
count. 

14 
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Exam^g. 

1. What is the present worth of an annuity of ((500, to 
continne 10 years, interest being 6 per cent. ? 

By the table under Case I., of annuities, we find the amount 
of ati annuity of 91, for 10 years, at 6 per cent., to be $13. 
180795, this, multiplied by 500, gives 96590.3975, for the 
amount of the annuity. 

Now, by the table under compound discount, we find the 
present worth of 9U for 10 years, at. 6 per cent«, to he 
•0.558395, which, multiplied by 6590.3975, gives 93680.045, 
for the present worth i^(}uired. 

2* What is the present worth of an annuity of 9100, to 
continue 80 years, at 5 per cent, interest! 

Ans. 91246.222. 

The work under this Rule may be very much simplified by 
the use of the fbUowing table. 
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The following tabTe gives the present worth of an annuity 
of 81, or jSl, for any namber of years, not exceeding 30, at 
3, 4, 5, and 6 p^ cent* 



Years. 3 por cent. | 4 per cent. | 5 per cent. 


6 per cent. 


1 


0.970874 


0.961538 


0.952381 


0.943396 


2 


1.913470 


1086095 


1.859410 


1.833393 


S' 


2.828611 


2.775091 


2.723248 


2.673012 


4 


3.717098 


3.629895 


3.545950 


3.465106 


5 


4.579707 


4.451822 


4.329477 


4.212364 


6 


5.417191 


5.342137 


5.075692 


4.917324 


7 . 


6.230283 


6.002055 


5.786373 


5.582381 


8 


7.019692 


6.732745 


6.463213 


6.209794 


9 


7.786109 


7.435332 


7.107822 


6801692 


10 


8.530203 


8.110896 


7.721735 


7.360087 


11 


0.252624 


8.760477 


8.306414 7.88687^ || 


12 


9.954004 


9.385074 


8.863252 


8.383844 


13 


10.634955 


9.985648 


9.393573 


8.852683 


14 


11.296070 


10.563122 


9.898641 


9.294984 


15 


11.936935 


11.118387 


10.379658 


9-712249 


16 


12.561102 


11-652296 


10.837770 


IT). 105895 


17 


13.166118 


12.165669 


11.274066 


10-477260 


18 


ra.753513 


12-659197 


11.689587 


10.827603 


19 


14.323799 


13-133839 


12.085321 


11-158116 


20 


14.877475 


13-590326 


12.462216 


11-469921 


21 


15.415024 


14029160 


12.821153 


J 1.764077 


22 


15.936917 


14-451115 


13.163003 


12.041582 


23 


16.443608 


14-856842 


13.488574 


12.303379 


24 


16.935542 


15240963 


13.798642 


12.550358 


25 


17.413418 


15.622080 


14.093945 


12.783356 


26 


17.876842 


15.982769 


14.376185 


13.003166 


27 


18.327031 


16.32^586 


14.643034 


13.210534 


28 


18.764108 


16.663063 


14.898127 


13.406164 


29 


19.188455 


16.983715 


15.141074 


13.590721 


30 


19.600441 


17.292033 


15.372451 


13.764831 
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To find the present. wortd of an annuity by means of this 
taUley we must take from the table the present worth of 9h 
for the given time and rate per cent., and multiply it by the 
given annuity. 

3. What is the present worth of an annuity of 827, for 9 
years, at 4 per cent. 1 ^ 

From the table, we find the present worth of 9l» for.9 years, 
at 4 per cent., to be $7.485332 ; this, multiplied by 927, gives 
$200,754, for the present worth. 

' 4. What is the present worth of a pension of 875^ for 15 
years, at 5 per cent. 7 Ans. 8778.474. 

5. A young man purchases a farm for 8924, and agrees to 
pay for it in the course of 7 years, paying ^ part of the price 
at the end of each year. Allowing interest to be 6 per cent., 
how much cash, in advance, will pay the debt T 

Ans. 8736.874. 

6. Allowing interest to be 6 per. cent., how much shall I 
gain by payfng 815 a year, for 10 years, in order to cancel a 
debt of 8160, now due ? Ans. 849.509. 

7. What is the present worth of an annuity of 8375, for 
13 years, interest being reckoned at 4 per cent. ? 

8. What is the present worth of an annuity of 8875, for 
11 years, interest beiiig 6 per cent, t 

NoTBi— When on inniiitj- does not eommenoe vniil a given time nts 
•lapsed, or lome particnlar event has happened, it is called a afvnaoH. 

CAsi HI, 
To find the present worth of an annuity in reversion. 

RULE., 

 • - 

Find^ hf^ the tue of the table wider last Caee^ tkepreeeni 
worth of the anrmiiy,from the present time up to the end of Us 
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continuance ; find, also, hy the same iahle, its value for tJie time 
before it commences; the difference of these results will he the 
present worth. 

Or, which amounts to the same thing : 

Take the difference of the tabular numbers for these two pe- 
riods^ and mvUiply by the annuity. 

Examplesm 

1. What is the present worth of an annuity of $200, to be 
continued 5 years,, but not to commence till 2 years lience, 
interest being 6 per cent. ? 

By our table, we find the present worth of $1, for 7 years, 
at 6 per cent., to be $5.592381, the same for 2 years is 
•1.833393, the difference is $3.748988, which, multiplied by 
$200, gives $749,798, for the present worth. 

2. A father leaves to his son a rent of $310 per annum,. 

for 8 years, and the reversion of the same rent to his daughter 

for 14 years thereafter. What is the present worth of the leg* 

acy of each, at 6 per cent.? . ^ J Son's, $1925.036. 

^^^' I Daughter's, $1807.854. 

3. What is the present worth of a reversion of $100 a 
year, to commence in four years, and to continue for ten 
years, interest being at 6 per cent. ? Ans. $582,988. 

4. What is the present worth of a reversionof $800 ayear, 
to continue 7 years, but not to commence until theend of 8 
years, interest being 4 per cent. ? Ans. $3508.514. 

When the annuity is to continue for ever, it is obvious that 

.its present worth will be that sum whose interest for 1 year. 

is equal to the annuity ; therefore to find the present worth of 

an annuity to continue for ever, we must divide the annuity 

by the interest of $1 for one year, at the given rate per cent, 

14* 
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6. How much must be paid» at present, for the title to an 
annuity of |(1000, to commence in 7 years, and ta continuo 
for ever ; interest at 6 per cent. ? 

Dividing $1000 by $0.06, we get for the present worth, if 
entered upon immediately, 816666.661. From table under 
compound discount, we find the present worth of Sl» for 7 
years, at 6 per cent., to be 80.665057 ; this, multiplied by 
16666.661, gives 91 1084.283, for the present worth of 916666. 
661, which is evidently the same as the present worth of the 
annuity. 

6. What is the present worth of a reversion of 8100 a year, 
to conmience in 4 years, and to continue forever ; interest 
being 6 per cent. ? Ans. $1320.157. 



72* We will add the following tables more for curiosity 
than for any view to their utility- . 

The following table gives the time required for a given prin- 
cipal to double itself, at compound interest, the interest being 
compounded yeaslt. 



Per ceiit.| 


Yeara. JPer cent.| 


Yean. Per cent. 


Yeara. 


1 


69.666 


4 


17.673 


7 


10.245 


li 


46.556 


4| 


15.748 


% 


9 585 


2 


35.004 


5 


14.207 


8 


9.006 


2i 


28.071 


5* 


12.046 


84 


8.497 


CO CO 


23.450 


6 


11.896 


9 


8.043 


20.150 1 6| 


11.007 


94 


7.638 
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The foliowing table gives the time required for a given prin- 
cipal to double itself, at compound interest, the interest being 
compounded half-yearlit. 



Per cent. 


1 Years. 


Per cent. 


Years. 


Per cent. 


Years. ' 


1 


69.487 


4 


17.502 


7 


10.075 


u 


46.382 


^ 


15.576 


7i 


9.914 


2 


34.830 


5 


14.036 


8 


8.837 


2i 


27.899 


5} 


12.775 


8J 


8.346 


3 


23.278 


6 


11,725 


9 


7.874 


Si 


19.977 


6i 


10.836 


H 


7.468 



The following table gives the time required for a given prin- 
cipal to double itself, at compound interest, the interest being 
compounded qvabteb-teably. 



Per cent. 


Years. 


Per cent. 


Years. 


Per cent. 


Years. 


1 


69.400 


4 


17.415 


7 


9.9B9 


u 


46.298 


^ 


15.490 


7J 


9.828 


2 


34.748 


5 


13.946 


8 


8.751 


n 


27.812 


5^ 


12.686 


8J 


8.241 


a 


23.191 


6 


11.639 


9 


7.788 


3i 


19.890 


6} 


10.750 


91 


7.383 



The following table gives the time required for a given prin- 
cipal to double itself, at compound interest, the interest being 
compounded evebt instant. 



Per cent. 


Years, 


Per cent. 


Years. 


|Per cent 


.| Years. 


1 


69.315 


4 


17.329 


7 


9.902 


11 


46.210 


H 


15.403 


7i 


9.242 


2 


34.657 


5 


13863 


8 


8.665 


.2 J 


27.726 


H 


12.603 


8J 


8 155 


3 


23.105 


6 


11.552 


9 


7.702 


31 


19.804 


6i 


10.664 


9* 


7.296 
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The folbwing table gives the amount of 91, or jCl, for any 
number of years, up to 80, for 5 and 6 per cent., compound 
interest, the interest being compounded evbrt instaht. 



Yean. 


5 per cent. 


6 per cent. 


Years. 


5 per cent. 


6 per cent. 


1 


1.0613 


1.0618 


16 


2.2255 


2.6116 


2 


1.1052 


1.1275 


17 


2.3396 


2.7731 


3 


1.1618 


1.1972 


18 


2.4595 


2.9446 


4 


1.2214 


1.2712 


19 


2.5857 


3.1267 


5 


1.2840 


1.3498 


20 


2.7182 


3^3201 


6 


1.3498 


1.4333 


21 


2.8576 


3.5253 


7 


1.4190 


1.5219 


22 


3.0041 


3.7433 


8 


1.4918 


1.6161 


23 


3.1581 


a9748 


9 


1.5683 


1.7160 


24 


3.3201 


4.2206 


10 


1.6487 


1.8221 


25 


3.4903 


4.4815 


11 


1.7332 


1.9348 


26 


3.6693 


4.7587 


12 


1.8221 


2.0544 


27 


3.8573 


5.0529 


13 


1.9155 


2.1771 


28 


4.0550 


5.3653 


14 


2.0137 


2.3163 


29 


4.2630 


5.6971 


15 


2.1169 


2.4596 


30 


4.4815 


0.0492 
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CHAPTER X. 

BANKING. 

T 3* A Bakk is an incorporated institution, created for the 
purpose of loaning money, receiving deposites, and dealing in 

exchange. 

The Stocky or amount of money in trade, is limited by law, 
and owned by various individuals, wl^b are called*^cA;AaZ<2er«. 

Banks are allowed to make notes, which, are denominated 
bank biUSf which circulate as money, because they are obliged 
to redeem them with specie. 

It is customary for banks, in most cases, when they loan 
money, to take the interest in advance ; that is, to deduct it 
from the face of ihe note, at the time the money is lent. The 
note is then said to be discounted. 

The sum to l)e discounted,, or the face of the note, is called 
the amounin 

The interest deducted is called the discbunt. 

What remains is called thepresent vxnih^ or proceeds. 

A note to be discounted, or bankable, must be made paya- 
ble at some future time, and to the ordet of some person who 
endorses it. 

It is usual for the banks to take interest for three days more 
than the time specified in the note ; and the borrower is not 
obliged to make payment till those three days have expired, 
which are for this reason, called days of grace. 
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To find the banking discount on any sum of money, we 

have this 

RULE. 

Compute iheirUerest {by Case HI. Art. 65) on the given stem, 
forthreedays mare than is specified^ 

Examples. 

1. What ifi the banking discount on 91000, for three months, 
at 7 per cent. T - 

In this example we find the interest on $1, for 3 monthsand 
8 days, at 6 per cent., to be $0.0155, which, multiplied by 91000, 
giv6s $15.50, for the discoimt at 6 per cent, ; this, increased by 
its sixth part,hecomes $18.08), for the discount at 7 per cent., 
as required.^ ' 

2. What is the banking discount of $150, fof 6 months, at 

6 per cent. ? Ans. $4,575. 

3. What is the banking iliscount of $375, for 3 months and 
d days, at -7 per cent. ? Ans. $7,488. 

4. What is the banking discount of $400, for 9 months, at 

7 per cent. ? 

5. What is the banking discount of $20.30, for 7 months, at 
5 per cent, t 

6. What' is the banking discount of $472, for 10 months, at 
7 per cent. ? 

When the present worth of a bankable note, the time for 
which it is to be discounted, and the rate per cent, is given, to 
find the amount, we have this 

RIJLE. 

Cmt^^ute the banking discount on ^l^forthe gioentime and 
raiiOf subtract this discount from $1, then divide the present 
worth by the remainder^ and ihefUoHentwiU be the amount. 
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1* What must Jbe the amount of .a bankable note, so that 
when discounted for 8, months at 6 per cent., shall ghre a pres. 
ont worth of $600 ? 

In this example we find the banking discount on $1, for 3 
months, to be 90.0155, which, subtracted from 81, gives 
•0.9845; .-. dividing 9600 by $0.9845, we obtain •609,446, 
for the reiquired amount of the note. 

2» What must be the face of a bankable note, so th^t when 
discounted for 2 months, at 7 per cent., the borrower shall 
f^ceive 850 ? And; fdCdS. 

The folio wingiable gives the amount of a bankable note, so 
that when discounted at 5, 6, or 7 per cent., for any number 
of months, from 1 to 12, the present worth sh^ttl be just $1. 



Months. 


5 per cent. 


6 per cent. 


7 per cent. 


1 


1.004604 


1.005530 


1.006458 


2 


1.0.08827 


1.010611 


1.012402 


3 


1.013085 


1.015744 


1.018416 


4 


1.017380 


1.020929 


1.024503 


5 


1.021711 


1.026167 


1.030662 


6 


1.026079 


1.031460 


1.036896 


7 


1.030485 


1.036807 


1.043206 


8 


1.034929 


1.042095 


1.049593 


9 


1.039411 


1.047669 


1.056059 


10 


1.043932 


1.053186 


1.062605 


11 


1.048493 


1.068761 


1.069233 1 


1^ 


1.053093 


1.064396 1.075944 || 



We will now work some examples by the aid of the above 
table. 

8. What must be the lace of a bankable note, so that when 
discounted for 10 months, at 5 per cent., the present worth 
may be flOOO t 
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Looking in the table directly under the 6 per cent., and ad- 
jacent to 10 months, we find |>1.043932, this, multiplied by 
91000, gives 91043.932, for the face of the note required* 

4. What must be the face of a bankable note, 'so that when 
discoutited for 7 months, at 7 per cent., the present worth 
may be 970,60 ? . Ans. 973.54&. 

5* What amount must I make my note, so thut when dis* 
counted at the bank for 12 months, at 7 per cent., I may re. 
ceive 9100 ? Ans. 9107.594^ 

6. What must be the amount of a note, so that when discoun. 
ted at the bank for 6 months, at 6 per cent., the borrower may 
receiTe9365? 

7. What must be the amount of a note, so that when disconn- ' 
ted at the bank for 9 months, at 7 per cent., the borrower 
may receiYO 9^00 1 



74« The banks, by their method of discounting, obtain a 
larger per cent, for their moqey then is obtained by the uso- 
111 method of loaning money. To illustrate this, suppose A 
gets a note of -91 discounted at the bank for 12 months, or 
one year^ at 7 per cent.., he receives 90.93 ; the 90.07 is re- 
tained by the bank, it being the interest of 91 for one year : 
this 90.07 inay now be loaned to B, and its interest again 
withheld; and so on, for an indefinite period of terms ; hence, at 
the end of the year, the bank will receive for its 9 It the num- 
ber of dollars expressed by thesum of the terms of the following 
geometrical progression : 

9 3 

* +tJt+(tJ5;) +(TJir) + *0.» this, summed by rule un- 
der Art. 64, gives VV=^1'^'^52688. Therefore in this caso 
the bank receives 7.52688 |?6r cent, per annum for its money. 
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The longer the time for which they diecoanti tiie hrger per 
cent, do they receive. 

To make this appear obTioos, suppose a person wiriied his 
note discounted at the bank for 14f years^ at 7 per cent. ; in 
this case, the interest would equal the whole face of the note — 
so that the bank would withhold the whole amount, be that ct- 
er so large, and the borrower would not receive a single cent, 
but would nevertheless be obliged to pay to the bank, at (tie 
end of 14f years, the face of the note. In this case the per 
cent, would be if^ite. 

If we go one step farther, and endeavor to discount a note 
at the bank for a longer period than 14f years^ at 7 per cent, 
we shall b^ obliged ta pay to the bank money firom our own 
poeket, before they would accept our note* 

The following table shows the per cent, received by banks, 
when their Aotes are renewed at the end of any number of 
months, from 1 to 12, at 5, 6, and 7 per cent,, lawftd interesl. 



Months. 


5 per cent. 6-per cent. | 


7 percent. 


1 


5.1dd 


6.200 


7.272 


2 


5.149 


6.216 


7.^95 


3 


6.160 


6.232 


7.317 


4 - 


5.172 


6.248 


7.339 


5 


5.183 


6.264 


7.362 


6^ 


5.194 


6.281 


7.385 


7 


5.205 


6.298 


7.408 


8 


5.217 


6.315 


7.432 


9 


5.228 


6.332 


7.456 


10 


5.239 


6.349 


7.480 


11 
1? 


5.251 


6.366 


7.503 


5.263 


6.383 


7.527 



NoTi.-^Weie it possible to renew their notes every inetant, the reiipec. 
tire rates per cent, woold be 5.127, 6.182, and 7.351. Tliia is. the 
same at would be leceiTed if the intevest were added every inetanL 

15 
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CHAPTER XI. 



INVOLUTION. 

75* Inyolvtioic is the method of finding the powers of 
numbers. 

We have already defined the power of a number to be the re- 
sult arising from multiplying the same into itself continually, 
until the number has been used as a factor as many times 
as there, are units in the exponent denoting the power. Thus, 
to obtain the Cube, or third power of 7, we must use it as a fac- 
tor three times, which will produce 7x7x7=343. 



Example*. 
1* What is the -square of 23 ? 

2. What is the cube of 17 ? 

3. What is the 6th power of 47 ? 

4. What is the 9th power of 9 ? 



Ans. 529. 
Ans. 4913. 

Ans. 229345007. 

Ans. 387420489 



6. What is the square of 22667121 ? 

. Ans. 513798374428641. 

6. What is the square of 625 ? 



7. What U the cube of 4Sr 



Ans. 390625. 
Ans. 110592. 



8 What is the £ube of 681472? 

Ans. 316478381828866048; 

9* What is the square of 0.75 ? 

Ans. 0.5625; 

Aqs. 0.274625« 

Ans« 72j; 



10. What is the cube of 0.65 1 

11. What is the square of 8} ? 



EVOLUTION. 

T6. EroLunoN is the reverse of inyolution. It explaina 
the method of resolving ar number into equal factors, which 
factors are called roots. 

When the number is resolved into two equal fiictorsy this 
factor is called the square root of the number. 

When a number is resolved into three equal factorSy the 
factor is called the cube root of the number* 

The operation of resolving a number into two equal factoria 
is called the extraction of the square rooL 



EXTRACTION^ OF THE SQUARE ROOT. 

7 7. If we square 48 by the usual rulO} we get 48 =2304i 

But if instead of 48, we use 40+8, we shall find, by actua| 

multiplication, 

40+8 
40+8 

1600+820 ^ 
+ 820+64 

1600+649+64 
for the square of 40 + 8=48. Now to reverse this operatioii} 
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that is, to extmct the square root of l$00-4-6404-64^ we 
proceed as foUows t 

We take the square root df 1600, which is 40; this is the 
first part of the root ; its square being subtracted from 
1600+640+64, leaves the remainder640+ 64. We see that 
640, divided by twice 40, or 80, gives 8 for a quotient, which 
is the second part of the root required. 

cj:sb I. 

From the above process, we deduce the following rule for 
the extraction of the square root of a yyhole number. 

RULE. 

J. Point cffihe givm number into periods of ttoo figures eac\ 
counOing from the right towards the left. When the number 
offgures is odd, it is emdent that i^ left-hand^ or first period^ 
trill consist of but onsfigyare. 

IL Find the greatest square inihe first period^ and place its 
root at the right of ike number ^ in the form of a quotientfigwre 
in dvoision. Subtract the square of this root from the first pe» 
riod^ and to the remainder anne» the second period ; the result 
viUbethemMT DivipEVi^* 

III. Double the root already founds and place it onih4 left 
of the numberyfor the nssT tbial divisor. See how many 
times this tried dvoisor^ with a cipher annexed^ is contained in 
the dividend^ the quotient figure wUl be the second figure of the 
root ; this must be placed at the right of the tri ax. divisor ; the 
result win be the trui^ divisor. Mtdiiply the true divisor by 
Ms second figure of the root^ and subtract the product from tha 
dioidendy and to the remainder amux thi next period^for a srg- 

jOnb DITIDEHD. ' . I 
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X 

lY. To the latt ybvjb divjuoii, €tdd Ife hut figure of the rooi^ 
form new tbial Btviaon^ and continue to opertOe as heforejUiUU 
aU tJ^ periods haoe been hreughi down, 

1. What is the square root of 531441 ? 

. 63'14'41 (729 root 

7 49 
First trial ditisor, 14 - 4l4 first dividend, 

first true divisor, 142 284 

second trial divisor, 144 13041 secoiid dividend, 

jBecond true divisor, 1449 13041 



2. What is the square root of 11390625 1 



8 

63 

667 


11'89'06'25(3375 
9 

239 


6745 


189 


« 


5Q06 


, 


4669 




33725 




33725 



In the first example, we exhibited the trial divisors, as well 
as the true divisors, but in the second example we adhered 
more dosely to our rule, and placed the succeeding figures of 
the root at the right of thjs trial divisors, without a^^in wri« 
ting them down. 

15* 
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8. What is the square root of 11019960676? 



1 


1'10'19'96^05'76(104976 


1 


204 


1 




2089 


1019 


1 


20987 , 


816 


' 


^09946 


20396 
18801 






159^05 

146909 
1259678 
1259676 


/ 







4. What is the square root of 16988563041 1 

- Ans. 130321. 

6. What is the sqaare rootrf 79792266397612001? 

Ans. 282475249. 

6. What is the square root of 862891037441 ? 

Ans. 923621. 

7. What is the square root of 61917364224? 

Ans. 248832. 

8. What is the square root of 13422659310152401? 

Alls. 115856201. 

- - 

CASE n* 

To extract the squara root of a decimal fraction^ or of a 
numbef consisting partly of a whole number, and partly of a 

decimal value^ wo have this 

RULE. 

^ , . • • • • • . • . • 

/. Annex ow ctphery if necessary, w ihaithe^umher ofde. 
cimals shaU he even. 
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IL Then paint off the decttruds into periods of two Jigtiree 
eachf counting from the unites place towards the right. If there 
are whole numbers they must be pointed off as in Case L TJien 
extract the root^ as in Case L 

NoTS« — If the ^yen number hss not an exact root, there will be a re- 
nvunder after aU {he periods have been brou^t down, in which' case the 
ofieiation may be extended by fonning new periods of ciphers. 

Examples* 

1. What is the square root of 3486.784401 ? 

Ans. 59.049. 

2. What is the square root of 25. 62890625 7 

Ads. 5.0625. 

3. What is the square root of 6.5536 ? 

Ans. 2.56. 

4. What is the square root of 0.00390625 ? 

Ans. 0.0625. 

5. What is the square root of 17T 

Ans. 4.123, nearly. 

6. Whatis the square root of 37,57 

Ans. 6.123, nearly* 

7. What is the square root of 0.0000012321 7 

; Ans. 0.00111. 

8. What is the square root of 0.0011943936 7 

Ans. 0.03456. 

9. What is the square root of 60.48 1729 7 

Ans. 7.777. 

10. What is the square root of 0.2455 7 

. IL What is the square root of 100.00756 7 

CASE'ni. 

To extract the square root of a vulgar fraction, or mixed 
number, we have this 
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J. Reduce ihe wdgarfracHoni or mixed number ^ to iu sim^ 
pUiifracliondlform^ 

II, Then extract the square root of the numerator and de- 
nominator separately^ if they hvoe exact roots ; hut when ihey 
Aooe noty reduce'the fraetkmto a decimalt and proceed a» in 

Case 11. 

'Examples.^ 

1. What IB the squafe root of fff ? 

Ans. f • 

2. What is the aquareroot of f||f| ? 

Ans. 4f . 
S/ Whsit is the square root of 4}| 7 

Aiis.2|. 
4» What y the sqaate root off off off of j-t 

Ans. f. 

5. Whftlis the square root of 4^? 

' Ans. ,2«027y nearly. 

6. What is the square root ofH ? 

Ans. 0V8044» nearly. 

7. What is the square root of fj T 

8. What is the sqnaferoot of^^T 

9. What is the square root of ^ff ft 

10. What is the square root of ffffff t 

-/ • • 

CA.8B' IV. 

Wh^n thexe are many figures required in the roat^ ve mayi 
after obtaining one more than^half the number requiied, find 
the rest by dividing the remainder by the last tbub divisor* 
deprived of its right-hand ifigure. This division should be 
performed according to the abridged, method, as explained an- 
der Art. 42, page 56. '^ 
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1. What is the square root of 11 to 16 decimalsT 



3 
63 

661 
6626 


11(3.3166247903553998. 
9 

2 

189 


66326 
693322 


•11 
661 - 


6633244 
66332487 


439 
39756 


66332494(9 


4144 
397956 


4 


16444 
1326644 




317756. 
2^532976 


r 


5242624 
464327409 


• - . 


5993499L 
5969924541 




23574559 
19899748 


( 


3674811 
3316635 


^ 


358186. 
331662 




26524 
19900 




6624 
5970 


% 


654 
697 

5* 
53 

4 
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In the preceding example, aftm* obtaining 9 figores of the 
rooty by the usual ruie, we had for the remaindw 33574559» 
the last true divisor was 66332494)9, when deprived of its 
right-hand figure. We then divide this remainder by this di- 
visor, according to the method oKcMdged dwision of deci- 
mahy Art. 42, page 56, and obtained the remaining 8 figures of 
the root. 

2. What is the square root of 3 to 10 decimals t 

Ans. 1.7320508076. 

3. What is the squarelroot of 0.00008876684 to 10 places 

of decimals? ' 

Ans. 0.0094216155. 

4. What id the square root of 0.8867081 118724 to 10 pla- 
ces of decimals? 

Ans. 0.0416517994. 

5. What is the square root of 3.14159265 to 8 places of 
decimals? . 

6. What IS the square root of 2 to 9 places of decimals ? 

7. What is the sqviare root oflOO to. 15 places of decimals ? 

8. What is the square root of 0.365 to 7 places of decimals ? 



EXAMPLES INVOLVING THE PRINCIPLE13 OF 

THE SQUARE ROOT. 

78* A triangle is a figure having three sides, and conse- 
quehtly three angles. 

When, one of the angles is right, like the corner of a squwre, 
the triangle is called a rigUrongled IriangU. In this case the 
tfde opposite the right angle is called the hypotenuse* 

it is an established proposition ofgeometry^that the square 
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of the hypotenuse is equal io the sum of the squaret of the 
other two sides. 

From the above proposition, it follows that the squai^ of 
the hypotenuse, diminished by the square of one of the sides, 
equals the square of the other side.' 

By means of these properties, it follows that two sides of a 
right-angled triangle being given, the third side e^n be found. 

Examples, 

L How long most a ladder be,, to reach the top of a house, 
40 feet high, when the foot of it is 30 feet from the house 1 

In this example it is obvious that the ladder forms the by- 
potenuse of a right-angled triangle, whose sides are .30 and 
40 feet respectively. Therefore the square of the length of 
the litdder inust equal the sum of the squares of 30 and 40« 

30* =900 . 

t ^ ' 

40 =;1600 



\/2500=F5a=the length of the ladder. 

2. Suppose a ladder, 100 feet long, to be placed 60 feet from 
the roots of a tree, how far up the tree will the top of the lad- 
der reach 1 ' 

Aiis. 80 &et* 

3. Two persons start from the same place, and go, the one 

due north, 50 miles, the Qihe/ due west, 80 miles. How far 

apart are they? 

Ans. 94.34 miles, nearly. 

4. What is the distance through the opposite eoraersef a 

square yard? 

Ans. 4.24264 feet, nearly. 

5. The distonce between the lower ends of two equal raf- 
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t«rS| in Ihe different sidefl of a roof; is ^^ feet, and the h^ht 
of the ridge above the foot of the rafters is 12 feet* What is 
theJljangthofaraftet? 

6. What is the^distance measured through the centre of a 
cube, froiu one corner to its opposite corner, the cube being 
3 feet, or one yard, on a side? 

We know, from the principles of geometry, that all similar 
8llrfaceis,^or areas, are to each other aa the squares of their 
like dimensions. 

T« Su{^ose we have two circular pieces of land, the one 
100 feet in diameter) the other 20 feet in diameter. How 
much more land is there in the larger than in the smaller 1 

By the abovsd principle of geometry it follows, that the quan- 
tity of land in Uie two circles, must be as. the squares of the 

as . 

diameters, that is, as 100 to 20, 0r as 25 to 1. Hence, there 
is 25 times as much in the one piecci as there is in the other. 

8. Two persons, the one 6 feet high, the other 5 feet : now 

suppose they are both well proportioned in aQ respects ; how 

much more cloth will it take to make a suit of clothes for the 

firsts than ibi; the second 1 

A^ < It wiH require' 1 J} times as much 
' I fi^r the first as for the second; 

9. Suppose by observation, it is found that 4 gallons of wa- 
ter flow through a circular orifice of 1 inch in diameter in one 
minute. How many gallons would, under siDaiialr circum- 
stances, be discharged through an orifice of 3 inches in diam- 
eter, in the same length of time 1 

"^ . ' Ans. 36. 

10. What must he the cii'cumfierenee of a circular pond, 
which shall contain ^V P^'^ f^ much surface as a pond 13| 
miles in circumference f 

Ans. if mifes.. 
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1 1. Required the width and depth of a rectangular box, 
whose length is 3 feet, which shall contain 30000 solid inches ; 
the width being to the depth as 2 to 3. 

12. What length of thread is required to wind spirally 
around a cylinder, 2 feet in circumference and 3 feet in length, 
so as to go but once around ? 

It is evident that if the cylinder be developed, or placed 
upon a plane, and caused to roll once over, that the con- 
vex surface of the cylinder will give a rectangle, whose 
width is 2 feet, and length S ie^ ; at the same time the thread 
w ill for m its diagonal. Hence, the length of the thread is 
V"4+9= >/T3=3.60556 feet. 

13. Seven men purchase a grinding stone, of 60 inches in 
diameter. What part of the diameter must each grind off, 
ao as to have ^ of the whole stone ? 

soLirraoN. 

In this question, we disregard the thickness of the stone. 

After the first one has ground off his share, the remaining 
stone will be | of the original stone. Therefore ils diameter 
will be 60^/J=VV^=^5•^492j2, nearly. 

The diameter, after" the 2d one has ground off his shares 
will be 60 VT^ V sf^— 50.70926, nearly. 

The diameter, after the 3d one has ground off his share, will 
be 60'/4= V \/28=45.35674, nearly. 

The diameter, after the 4th one has ground off his share, 
will be 60i/^=;=VV' 2^1 =39.27923, nearly. 

The diameter, after the 5th one has ground off his share, 
will be 60v/ V= V n/14=32.07135, nearly. 

The diameter, after the 6th one has ground off his share, 
will be 60>/l"=V ^'''=22.67786, nearly. 

16 
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Hence, the partii of the diameter ground ofiTare as follows : 

inches, nearly. 
The 1st ground off 60.00(K)0-^55.54922=: 4.45078 
2d «• « 55.64922—50.70925= 4.83997 
ad " " 60.70925—45.35574= 5.35351 
s4th « " 45.35574-39.27923= 6.07651 
5th «* ** 39.27923-32.07135= 7.20788 
6th »* « 32.07135—22.67786= 9.39349 
7lh ** *♦ 82.67786 = 22.67786 

Proof, 60,00U0Q 
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3 

70« If we cube 45 by the usual' process, we find 45 = 
91125. 

If, instead of 45, we take its oqual,^ 40+ 5, and then cube it 
by aetual multiplication, as explained under Art. 4, we shall 
h^vo 

46=40+ & 

200+ 25 
1600+ 200 

45=1600+ 400+ 25 

40+ 6 

8000+2000+ 125 
64000+16000+1000 

45 =64000+24000+3000+ 125 

Now, to reverse this process, that is, to extract the cube root 
of 64000 +24000 +3000 +125, we proceed as follows: 

I. W^ first find the cube jroot of 64000 to be 40, which we 
place to the right of the numbery in the form of a quotient in 
division, for the first part of the root sought* 
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We also place it on the led of the number, in a column head- 
ed 1st co£. ; we next multiply it into itself, and place the re- 
sult in a column headed 2d col. ; this last result, also multiplied 
hy 40, gives 64000, which we subtract from the number, and 
obtain the remainder, 24000+3000+125, which we will call 

the FIBST DIVfDEND. 

II. We obtain the second term of the 1st column by adding 
the first term to itself, the result being multiplied by this first 
term, and added to the first term of the 2d column, gives its 
second term. Again, adding this first term to the second 
term of the 1st column, we get its third term. 

III. We seek how many times the second term of the 2d col- 
umn, is contained in the first dividend, or simply how many 
times it is contained in its firstpart, 24000, which gives 6, for 
the second part of the root. 

IV. Finally, we add this 5 to the last term of the 1st col- 
umn, whose result, multiplied by 5 and added to the last term 
of the 2d column, gives its third term ; which, multiplied by 
5, gives 27125=24000+ 8000+ 126, 

1st col. 2d col. number, root. 

40 1600 64000+24000+3000+126(40+5 
SO 4800 64000 

120 5425 24000+3000+126=27125 

125 27125 


This work can be written in a more condensed form, as 

follows, where the ciphers upon the right have been omitted. 

1st col. 2d col. number, root. 

91125 ( 45 
4 16 64 

8 48 27125 

12 5426 27125 

126 



180 BIOHBB ASITBKXtlC. 

CASE t. 

From the preceding operation we may draw the following 
mle for extracting the cube root of a whole number. 

RULE. 

L Since the cube ofanynumber can nothace more than three 

tme» OB moMfplaeei of figures as the numberf we must sepa- 

rtOe the number mto periods of three figures eachy counOmgfrom 

^unU^splaee towards the leji. When the number of figures is 

nd dioisible by 8^ the left-hand period wiU contain less than 3 
figures. 

II. Seek the greatest cube of the first, or left-hand period^ 
place Us root at the right (f the number, after the manner of a 
^$ti6iefKX im dvrision; dUo place it to the left of the number, for 
the first term of a cdumn, marked Isr col. Then mxHtxply it 
into Husdf, ieifid pkuee tAe product for the first term of a column, 
marked 2n col. Again, mtdtlply this last resuU by the same 
figure, and subtract the product from the number, and to the re- 
mamder annex the next period, and it wUl give the first divi. 
DBND. This same figure must he added to ihefir^ term of the 
1st column ; the sum wUl be its second i^rm^ which must be mul- 
tiplied by the same figure, and the product added to the first term 
of the 2d column; the sum wiU be its second term, which we 
shaU name the first trial divisor. 

The same figure of the root must be added to the second term 
of the 1st column, to form its third term. 

III, See how many times the tried divisor, with two ciphers 
annexed, is contained in the dividend ; the quotientfigure wtU 
be the second figure of the root, which must be placed at the right 
of the first figure; also annex it to the third term of the 1st 
column^ and multiply the result by this second figure, and add 
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the productf after advancing U two places to the rights to the last 
term of the 2d column. Againf multiply this last result by this 
second figure of the root, and subtract the product from thedto- 

idendf and to the remainder annex the next period^ for a new 

DIVIDEND. 

r 

Proceed wUh this second figure of the. root^ precisely as was 
done with the first figure ; and so continue until aU the periods 
have been brought down* 

Examples. 
1. Extract the cube root of 387420489. 

OPERATION. 

1st col. 2d col. number, root. 

38r420'489(729 
7 49 343 

14 147 first trial divisor 44420 1st div. 

I 212 15124 80248 

214 15552 2d trial divisor 14172489 2d div. 

2169 1574721 1417248 9 



EXPLANATION. 

The greatest cube of the first period, 387, is 343, whose root 
is 7, which we place to the right of the number, for the first 
figure of the root sought. We also place it for the first term 
of the first column, which, multiplied into itself, gives 7x7 
=49, for the first term of the 2d column, which, in turn, mul- 
tiplied by 7, gives 49X7=343, which, subtracted from the 
first period, 387, leaves the remainder 44, to which, annexing 
the next period, 4l20, we get 44420, for the first dividend. 

Again, adding 7 to the first term, 7, of 1st column, we get 
7+7=14^ for the second term of the 1st eolumb, which^ mul- 

16* 
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liplied J^y 7, gives 14X7=98 ; this« added to the first term 
of the 2d column, gives 147, for the second term of the 2d 
column, or the first tridt divisor* 

Again, adding 7 to the second term of the 1st column, we 
get 14+7=21, for the third term of the 1st column. 

The trioL divisor^ with two ciphers annexed, becomes 14700, 
which is contained 3 times in the^r^f dividend, 44420. But 
the trial divisor being less than the true divisor, it will some- 
times give too large a quotient figure ; such is the case in this 
present example, where 2 is the second figure of the root. 

This second figure 2 of the root, annexed to the third term 
of the 1st, column, gives 212, which, multiplied by 2, gives 424, 
which, being advanced two places to the right, must be added 
to 147, the last term of the 2d column. The sum 15124 will 
form the third term of the 2d column, which, multiplied by 
2, gives 15124X2=30248, which, subtracted from the first 
dividend, leaves 14172, for the remainder, to which annexing 
the next period, 489, we get 14172489, for the second dividend. 

Again, to the last term, 212, of the 1st column, adding 2, 
we get 214 for the next term, which, multiplied by 2, gives 
428, which, added to 15124, gives 15552, for the second trial 
divisor. Again, adding 2 to 214, we get 216 for the fifth 
term of the 1st column. 

The second trial divisor, with two ciphers annexed, becomes 
1555200, which is contained 9 times in the second dividend, 
14172489 ; therefore 9 is the third figure of the root, which, 
annexed to 216, gives 2169 for the last term of the 1st column, 
which, multiplied by 9, gives 19521, which, advanced two pla- 
ces to the right, and then added to 15552, gives 1574721 ; this 
multipKed by 9, gives 14172489, which, subtracted from the 
second dividendf leaves no remaider. 
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2. What is the cube root of 913517247483640899 1 



1st coIm 2d col. 



9 81 

18 243 

277 26239 

284 28227 

29102 282328204 

29104 282386412 

291069 28241260821 

291078 2824388052^ 

2910879 2824414250211 



OPERATION. 

number, root. 

913'517'247'483'640'899(970299 
729 

184517 
183673 



844247483 
564656408 

279591076640 
254171347389 

26419728251899 
2541972825189 9 

6 



Ans, 216. 

Ans. 1331. 

Ans. 35. 



3. What is the cube root of 10077696 ? 

4. What is the cube root of 2357947691 T 

5. What is the cube root of 42875 ? 

6. What is the cube root of 117649 1 

Ans. 49. 

7. What is the cube root of 350356403707485209 ? 

Ans. 704969. 

8. What is the cube root of 75084686279296875? 

Ans. 421875. 

9. What is the cube root of 7256313856 ? 

Ans. 1936. 

10. What is the cube root of 106868920913284608 ? 

Ans. 474552. 

CASE n. 

To extract the cube root of a decimal fraction, or of a num- 
ber consisting partly of a whole number and partly of a de- 
cimal valuei we have this 
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RULE. 

/. Annex ciphers io the decimals^ if necessary^ so that the 
whole number may he dimeible by 3. 

//• Separate the decimals into periods of three figures each, 
counting from the decimal point towards the rights and proceed 
as in whole numbers, 

NoTB — If the giyen number has not tm exact root, there will be a re- 
mainder after all the periods have been brought down. The proceas may 
be continued by annexing ciphem for new periods. 

Examples* 

1. What is the cube root of 0.469640999017 ? 

Ans. 0.T773. 

2. What is the cube root of 18.609625 ? 

Abs. 2.65. 
8. What is the cube root of 1.25992105 1 

Ads. 1.08005974. 
.4. What is the cube root of 2 ? 

Ans. 1.25992105. 

5. What is the cube root of 9? 

Ans. 2.080083823. 

6. What is the cube root of 3 ? 

Ans. 1.442249. 

7. What is the cube root of 1860867 7 

8. What is the cube root^f 987664821 ? 

9. What is the cube root of 1.23456789 ? 

CASB ni. 

To extract the cube root of a vulgar fraction, or mixed 
number, we have this 

RULE. 

/. Reduce thefraeiion^ or mxed number^ to its simptestfrac* ( 

tumalform. 



i 
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//. Extract the cube root of the numerator and denomina- 
tor separatdy^ if they have exact roots^ hut when they haioe not, 
reduce the fraction to a decimdy and then extract the root by 
Case IL » 

Examples. 

1. What is the xjube root of J^f ; ? 

Ans. }f. 

2. What is the cube root of ^V^^ ? 

Ans. f |. 

3. What is the cube root of 17| ? 

Ans. 2.577, nearly. 

4. What is the cube root of 5|? 

Ans. 1.736» nearly. 

5. What is the cube root of |^ ? 

Ans. 0.9353, pearly. 

6. What is the cube root of | ? 

Ans. 0.8736, nearly. 

7. What is the cube root of 47J ? 

8. What is the cube root of lOlf ? 

9. What is the cube root of 9| ? 

CASE IV. 

When there are many, decimal places required in the root, 
we may, after obtaining one more decimal figure than half the 
required number, find the rest by dividing the remainder by 
the last term of the second column. 

Before dividing, we can omit from the right of the divisor so 
many figures as to leave but one more than the number of ad- 
ditional figures required in the root ; observing to omit from 
the right of the dividend one figure less than was omitted in 
the divisor. The division must then be performed according 
to the abridged method, as explained under Art. 42, page 56. 
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Examples. 
1. What is the cube root of 7 carried to 9 decimal places 1 



IST COL. 

1 

2 

30 

48 

671 

672 

5732 

5734 

57369 

57378 

573873 



2dcoIu 

1 

3 

651 
1083 
108871 
109443 
10955764 
10967232 
1097239521 
1097755923 
10977f73139l9 



root. 
7(1.912931182 
1_^ 

6 
5859 

141 
108871 

32129 
21911528 

10217472 
9875155689 

342316311 
329331941757 

1 2984)369243 
1097» 

2006 
1098 

908 

878 

30 
22 

T 



In this examp^le we proceed in the usnal way, until we ob- 
tain 1.91293, the remainder was 12984369243 ; the last term 
of the second column was 109777313919; therefore we must 
obtain 4 more. figures by dividing 12984369243 by 1097773- 
13919 ; but since we wish but 4 more figures, they may be ob- 
tained with equal accuracy by dividing 12984 by 10977, which 
gives the remaining figures 1182. 
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2. Extract the cube root of | =0.25 to 13 decimal places. 



IST COL. 2d col« 



6 


0.250(0.6299605249474 
86 216 


12 

182 


108 34 
11164 22328 


184 ' 

1869 
1878 
18879 


11532 11672 
1170021 10530189 
1186923 1141811 
118862211 ^ 1069759899 


18886 
188976 


119032203 72051101 
11904354150 71426124936. 


168982 
18898805 


11905488048 624976064 
119054^74974025 595274874870125 

2970118|9129d75 
2381099 




589019, 
478220 


», 


112799 
10714Q 


' 


5650 
4762 




888 
833 




65 

47 




8 



in this example, after obtaining 7 decimal figures in the 
root by the usual process, the remainder was 29701189129875, 
and the last term in the 2<l cdumn was 119054974974025 ; 
and since we wish but 6 figures by division, we reject 7 fig- 
ures from the right of the remainder,, and 8 figures from the 
light of the term of the Muwid edumn; and then divide by 
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the rule for abridging the <workf and obtain thetemainiog fig- 
ures of the root. 

3. Extlract the cube root of 9 to 9 decimals. 

1st col. 2d col. 

9 (2«06008d823 



2 

4 
609 


4 

12 
124864 


8 

1 

998912 


616 
624008 


129792 
, 1297|96992064 




1088 
1038375986512 

4962|4063488 
8894 


» 




 - 


1068 
1088 




\ 




30 
26 

4 
4 





4. What is the cube root of 15| to 5 decimal places ? 

Ans. 2.50222. 

5. What is the cube root of j.tjtVvttt ^^ ^ decimals ? 

Ans. 0.68278406. 

6. What is the cube root of 0.0000031502374 to 13 deci- 
mals? 

Ans. a.0146598402919. 

7. What is the cube root of ^ to 21 decimals? 

Ans. 0.793700525984009787876. 

8. What is the cube root of -f to 1 decimals ? 

9. What is^the cube root of )4 to 7 decimals T 

10. What is the cube root of ^ to 8 decimals. 
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EXAMPLES INVOLVING THE PRINCIPLES OF 

THE CUBE ROOT. 

80* It is an established theorem of geometry, that all 
similar solids are to each other as the cubes of their like di- 
mensions. 

1« If a cannon ball, 3 inches in diameter, weighs 8 poundsy 
what will a ball of the same metal weighs whose diameter is 4 
inches? 

By the above theorem, we have 3^ : 4^ : : 8 pounds : 18|f 
pounds, for the answer. 

2. What is the side of a cube, which will contain as much 
as' a chest 8 feet 3 inches long, 3 feet wide, and 2 feet 7 in- 
ches deept 

3. Suppose the diameter of the sun is 887661 miles, the di- 
ameter of the earth 7912 miles, how many times greater in 

bulk is the suh than the earth 1 

Ans. 1412251 times, nearly. 

4. Suppose the diameter of the moon to be 2160 miles, 
how many times greater in bulk. is the sun than the moon? 

5. How many cubic quarter inches can be made out of a 
cubic inch? ^^ g^ 

6. Required the dimensions^ of a rectangular box, which 
8ha.ll contain 20000 solid inches, the length, breadth, and 
depth, being to each other as 4, 3, and 2. 

. 7. Four ladies purchased a ball of exceeding fine thready 3 
inches^ in diameter. What portion of the diameter must each 
wind off so as to share of the thread equally? 

SOLUTION. 

After the first one had wouhcf dfi^ her share, the ball which 
17 
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rematoed wou)4 contain | as much thread asit did in the first 

3 3 

place* Therefore its diameter waa 3\/i=}\/6=2.72&68 
inches, nearly. 

The diameter, after the second one had wound off her share, 

3- 3 " 

was 3v^|=>:|v^4s=2.3811(>^ inches, nearly. 

The diameter, after the third one had wound <^ her share, 

S3' t 

was 3v^{=:|>/2=1.88988 inches, nearly. 

Hence, the portions of the diameter which they must wind 
off are as follows: 

inches, nemrljr. 

The 1st lady must wind off 3.00000—2.72568=0.27432 
2d « «* « " 2.72568—2.38110=0.34458 
3d ** M « « 2.38110— 1.88988=0-49122 

4th « ** «. -u. 1,88938 =1,88988 

Proof, 3.0U000 



ROOTS OF ALL POWERS. 

81* Whenever the index,. denoting the root required, is a 
cbmposlte number, the root can be found by successive ex- 
tractions of the roots denoted by the prime factors of the 
oi:igfnal index. 

Thus, the 4th root can be found by extracting the 2d root 
twice in succession. 

The 6th root is obtained by extracting the dd root of the 
2d root. " 

The 8th root is found by extracting the 2d root three times 
ilk succession.. 

When the index denoting the root is a prime, we must hare 
soflfte direct method of obtaining the root. 
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By a similar train of reasoning, as was used in deducing 
the rtHe for the cube rooty we determinei In general, for any 
root, the following 

- RtJLE. 

/. Pcint the numhet off into periods of as many figure eaeh 
as^ there are uniti in the index, denoting the rooU 

I J, Find by tried, the figure of the first period^ which wtU be 
the first figure of the root; place this figure to the lefi^ in a coU 
ufhn called the first column. Then multiply it by itself and 
place the product for the first term of the second coluun. 
This^ multiplied by the same figure^ loHl give the first term of 
the THIRD COLUMN. Thus continue untU the number of 4xH- 
umns is bne less than the units in the index^ denoting the root. 

Multiply the term in the last column by the samefi^gute^ 
and subtract the product from the first period, and to the re* 
mainder bring down the next period^ and it will form the first 

DIVIDEND. 

Again, add this same figure to the term of the first column, 
mviUiplythe sum by the ^ame figure, and add the product to the 
term of second column ; which, in turn, must be multiplied by 
the same figure, and added to the term of third column, and 
so on tUl we reach the last column^ the tefm of which wiU 
form the first trial divisor. 

Again, beginning with the first column, repeal the above 
process, until we reach the column neict to the last. And so con* 
tinue to do until we obtain as many terms in the first column 
as there are units in the index, denoting the root ; observing in 
each successive operation to terminate on the column of the next 
inferior order. 

IIL Seek how many times the first trial divisor, when 
there are annexed to it as many ciphers, less one, as there are 
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tmUsinthe index^ isamiained in ^ fibst dividbnp, the gua- 
Hent figure mil he the second figure of the root* Then proceed 
with this figure the same as was done with tJiefir^t figure ; ob- 
serving to advance the terms of the different columns as many 
places to the rights as the number expressing the order of the 
column ; thqt if, <idvaneing the terms of the first coLVJnr one 
placCf those of ihe sbcond oolvxh two places^ and so fdr the 
succeeding cctumns* 

After cempleUng the requisite number <f terms in the differ- 
ent cciumnsp by means of (his second figure of the root, then 
proceed to obtain Ae third figure of the root, in the same way as 
ike second figure was ohtainedi and in this way the operation 
can be continued until all the periods are brought dofwn* If 
<ftere if s^aremainderi ike process can be extended by form- 
it^ periods of ciphers. 

Ea^mples. 

1. What is the fifth root of 36936242722357 7 

OPBRATION. 

l8T 2d 3p 4th . root> 

OOK. COL. COL. COL. 

5 25 125 625 3693'6242r 22357(51 7 
10 75 500 3125 3125 

15 150 1250 32525251 56862427 
20 250 1276251 33826005 32525251 

251 25251 1300764 347673946051 2433717622357 
262 25503 1326510 2433717622357 

253 25756 1344842293 : 

254 26010 
2557 2618899 

2. What is the 7th root of 2 7 Ans. 1.10409, nearly. 
3i What is the 1th root of 11 ? Ans. 1.24357, nearly. 
4. What is the 5th root of 5 7 
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CHAPTER XII. 



DUODECIMALIS. 

82* Ii^ decimals, we have seen that the figures decrease in 
in a tenfold ratio, from the left towards the right. 

In Duodecimals, this decrement goes on in a twelve fold 
ratio. 

The different denominations are the /oot, (/.,) thejirtme, or 
inch, (',) the seamd, (",) the third, {"';) the faufik, ("",) the 
fifihf ('""») and sp on. 

Thus, 7/., 6', 3", 4"\ 5"", is read, 7 feet, 6 primesj 8 seconds» 
4 thirds, 5 fourths. 

The accents, used to distinguish the denominations below 
feet, are called indices. 

Taking the foot for the unit, we have the following relations : 

l'=T^ofl foot, 

1"=A ®f tV o^ 1 ft>«>t =t}t o^ 1 ^oo*» 

l'"=T^ of t3^ of T^y of 1 foot =ttVt ©^ ^ ^Ot, 

1""=^^ of tV of tV of tV of 1 foot =TT*^ of 1 foot, 
d^c. «bc. &c. dEC. . 

Addition and subtraction of duodecimals, are performed like 
addition and subtraction of other compound numbers, renien). 
bering that 12 of any denomination make one of the neit 
greater denomination. 
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MULTIPLICATION OF DUODEOIMALS. 

83* Suppose we wish to multiply 14/*, 7' by 2/*. 3', we 
should proceed as follows : 

14/. T 
?/V_3;^ 

3/. V 9" 
29/. 2' 

Ans. 32/. 9' 9"=32/.+t^ of a foot+yiy ofa foot. 

EXPLANATION. 

We began on the right-hand, and multiplied the multipli- 
cand through, first by the primes of the .multiplier, then by 
the feet of the multiplier, thus : 3' X T=^ X j\=l^ of ia (t. 
which is 21"=^1' 9" ; we write down the 9", and carry the V 
to the next product ; again, 14/. X d'=14 X i%=7^| of a foot, 
which is 42'; now adding in the 1', which was to carry from 
the last product, we have 43'= 3/*. 7', which we write down* 
thus finishing the first line of products. 

Again, we have 2/*. x 7'=2 X /|f=|| of a foot, which is 
14' =1/ 2'; we write the 2' under the seconds of the last line, 
and carry 1/ to the next product ; 2/ x 14/*. =28/*. to which, 
adding in the 1/., which was to carry from the last product, 
we have 29/*., which we place underneath the feet of the last 
line. Taking the sum, we find S2f. 9'' 9'', for the answer. 

From the above we infer, that if we consider the index cfihe 
feet fo 6^ 0, then the denomination of the product wUl he deno- 
ted by the sum of the indices^ representing the factors. 

Thus, feet by feetf produces feet ; feet by primes, produces 
primes ; primes by primes^ produces seconds, &c., 6cc, 

Hence, to multiply a number consisting of feet, inches 
seconds, dec, by another number consisting of like qualities, 
we have this 
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Place the $(svend terms of the tnuUiplier under the e o rr s tpo H ' 
ding ones of the muUiplicand. Beginning <xt the right-hand, 
multiply the several terms of the multiplicand by the several 
terms of the multiplier successively^ placing the right-hand 
term of each of the partial products under its multiplier ; then 
add the partial products together j observing to carry one for ev^ 
ery twelve^ both in^multiplyvng and adding^ The sum of the 
partial products will be the answer. 

Examples, 

1. What is the product of 3/ T 2" by 7/. 6' 3" ? 

3/. r 2" 

If. %' Z" 

10" 9"' 6"'' 
If. 9' 7" 0'" 
25/ 2' 2" 

Ans, 27/. 0' 1" %'"&!" 

2. What is the product of 7/ 6' 4" by 2/ 3 5''? 

7/6'" 4" 
2/ 3' S'^ 

3/ 1// fjin g/z/r 

1/ 10' 7" 
15/ 0' 8^ ^ 

Ans,- 17/ 2' 4" 7'" 6"" 

3. What is the product of If. B' by 6/ 4' 3" ? 

Aris. 48/. 8' 7". 

4. What is the product of 6/". 9' 7" hy 4/ 2' ? 

Ans, 28/ 3' 11" 2"\ 

5. What is the area of a marble slab, whose length is If. 
3', and breadth 2/ 11'? 
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6. Hovir many square feet are contaioed in the^oor of a 
hall 37/. 3' long, by 10/. 7' wide? 

7. £[ow many square feet are contained in a garden lOO/'. 
6' in length by 39/ 7' in width ? ^ 

8. How many yards of carpeting, one yard in width, will 
it require to cover a room iOf* 5' by 13/". 7' ? 

9. What will .the plastering of a ceiling cost at 13cts. a 
square yard, its length being 30/*. 7 inches, and the breadth 
22/ 4 inches ? 

10. How many cubic feet are contained in a rectangular 
stone, Tf. 4' long, 2/ IV wide, and 1/ 10' thick f 



NEW METHOD OF MULTIPLYING DOODECI- 

MALS. 

84* Duodecimals may be multiplied together by a process 
similar to that employed for decimals, by thQ help of two new 
characters or figures* 

For this purpose, we will represent 10 by the symbol x, 
and 11 by II. 

1. What is the product of 3/ 2/ 3" by 2/ 1' 4^' ? 

OPERATION. 
3.23 

2.14 



10 90 
32 3 
646 



Ans. 6.89 00 =6/ 8' 9^'. 
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SXPLANATXOir. 



I9 this example, we separated the feet from the parts of feet 
by a point, as in decimals, we then multiplied as in whole 
numbers, observing to carry one for every 12, when multiply- 
ing as well as when adding. 

The work of the same; example; by the usual rule, is as fol- 
lows J 

3/. 2' 3" 
2J. 1^ 4^ ^ 

3' 2" 3'" 
6/. 4^ 6'' 

Ans. 6/. 8' 9" 0"' '". 
2. What it the product of 38/. 8' 1" by 31/.. 2' 2'^ ? 

OPERATION. 

32.31 
27.22 

64 62 
,646 2 
1x397 
. _ 6462 

Ahs. 834.X5 82=(8 X 144+8 X 12+4)/. 10' 5" 8'^' 2"" 

=1092/ 10' 5" 8'" 2"" 

EXPLANATION. 

In this example, we converted 38/ and 31/, which are now 
in the decimal scale of notation, into the duodecimal scale of 
notation. In this way we found that 38=3X12 + 2; and 
31=2X12 + 7, so that 38 and 81, when expressed duodeci- 
mally, become .82 and 27* 

In the product the whole part, or feet, 884, is expressed 
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dtiodecimally ; it is therefore equal to 8x 144+3 X 12+4= 
1192/^9 as given in the answer. 

8. What ia the product of 5/1 2' 3". 4'" by 2/. 1' 2" 5'" ? 



OPKBATION. 



5.234 
2.125 



21 1148 


x4 68 


523 4 


x468 



Ans.z.x95 xOS==:10f. 10' 9" 5"' 10' ' 0"'" g""" 

4. Multiply 47/. 3' 4" 3'" by SOf. 2' 3" 5^", and exhibit 
the work by both methods. 

FIBST KSTHOB. 

47/. 3' 4" 3'" 

SOf. 2 3 & 

1'' 7" 8^" 4"" 9/"" 3^"/" 

11' 9" 10'" 0""9^"", 

7f. 10' 6" 8'" 6"" 
3782/ 4' 4" 0'" 

iins. 8791/ 4' 4" 2'" 1 r"' ft'"" 3'""- 



SOCCOND KBTHOD*. 



3 IL343 
68.235 

178 493 
Hdx 09 
7x68 6 
2762x0 
1117816 



Ans. a23H.442 I163=»(2 X 1728+2 X 144+3 X 12+ 11) / 

4' 4/!' 7!*' 11"" 6/"" a"""=3791/^ H 4" 2'" 11"" 6"'" 3"'" • 



r 
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CHAPTER XIII. 



ALLIGATION. 



85* AxLZGATioir teaches the method of fihding the mean 
value of a mixture composed of several ingredients of di^rent 
values, it is^ usiiaHy dividend' into two distinct parts, viz : — 
AUijgaH&n'M^dutt^ iM AB^atum AU^rruOii. 






ALLIGATION MEDIAL. 

86* Alligation MediaX^ teaches the method of finding 
the mean value of a compound, when its several ingredients 
and theijr respective taluto' are giyeti^ 

Suppose a grocer mixes 140 pounds of tea, which is worth 
8«. per pQun4 ; 200^ pounds, woHh 6^i per pound ; and 160 
pounds, worth 10«. per pound. What is a pound of the mix- 
ture worth T 

140 pounds of tea, at 89. per pound, is worth 1120«. ; 200 
pounds, at 6«., is worth 1200«. ; 160 pounds) at 10«., is worth 
16009. Therefore, the mixture, which is 500 pounds, is worth 
1120+1200+ 1600=±=3920«. Hence, one pound of the mix- 
ture must be worth y^ ^\i** 

Hence, to find the mean value of a compbund, composed of 
sevc^t iiig^di(nAr of diflTetent values^ vre hiei^e Ihlfii 
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RjULE. 

Dmde the sum of the wdues^ofaU the ingredients hy the 
sum of the ingredients. 

Examples. 

1. A wine-merchant mixed several sorts of wine, riz: 32 

gallons, at 40 cents per gallon ; 15* gallons, at 60 cents per 

gallon ; 45 gallons, at 48 cents per gallon ; and S gallons, at 

85 cents per gallon. What is the value of a gallon of the 

mixture 1 

82 gallons, at 40 cen(s=912.80 

15 ** •' 60 " = 9.00 

45 *« « 48 »* — 21.60 

8 ^ ** 85 ** = 6.80 

100 gallons of mixture =^860.20 

Therefore, one gallon of the mixture is worth 950.204-100 
=$0.502=s60 cents and 2 mills. 

2* A farmer mixes together 7 bushels of rye, worth 72 cts. 

per bushel^ 15 bushels of corn, worth 60 cts. per bushel ; and 

12 bushels of wheat, worth 9L2aper bushel. What is the 

value of a bushel of the mixture ? 

Ans. tO.SSlif* 

3.^ A goldsmith melts together 11 ounces of gold, 23 carats 
fine; 8 ounces, 21 carats fine; 10 ounces of pure gold, and 
2 pounds of alloy. How many carats fine is the mixture ? 

Ans. 12|f. 

It will be understood that a earat is. a 24th part. Thus, 
21 carats fine is the same as |^ pure metaf; in the same wayi 
23 carats fine is || pure metalv. 

4. On a certain day, the mercury in thetbermoineter was 
observed to stand 2. boura at^ 62 degrees, 4 hdUrs .at 70 de- 

18 



f 
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{[^ees, 5 hours at 72 degrees, 8 hours at 59 degrees, and 1 

hour at 75 degrees. ' What was the mean temperature for the 

15 hours 7 . , 

Ads. 67|^ degrees. 

5. Suppose a ship sails at the rate of 5 knots for 3 Hours, 
at 7 knots for 5 hours, and 8 knots for 4 hours. What is 
her rate of sailing during the 12 hours ? . 

6. A grocer mixes 30 p<mnds of sugar, wotth 10 cents per 
pound; 40 pounds, worth 10^ cents; 24 pounds, worth 11 
cents per pound ; and 60 pounds, worth 13 cents per poiifid. 
What is a pound of the mijcture worth ? 



ALLIGATION ALTERNATE. 

8T* AuAOATioN Altbbnatb is the reverse of Alligation 
Medial ; that is, it teaches the method of finding the ingredl* 
etits, when their rates are given^ so that the compound shall 
have a given value* 

Suppose we wished to mix teas, whibh are worth 4 and 6 
shillings per pound, so that the mixture may be worth 5 shil- 
lings per pound, it is obvious that we must take equal quanti. 
ties of each; since the price of the one, is as much less than 
the mean price, as the otlxer is greater. 

Again, suppose we wish to mix teas, which are worth 4 and 
7 shillings per pound, so that the mixture may be worth 5 
shiUings.^ In this case the 7 shilling tea is 2 shillings above 
the average price, whilst the 4 shilling tea is but 1 shilling be- 
low ; it will be necessary to use twice as much of the 4 shil- 
ling tea as of the 7 shilling tea ; and in all cases it is obvious 
that the quantities to be used will be in the inverse ratio to the 
differences between their prices and the mean price. When 
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tbere are more than two simples they may be compared to- 
gether in couplets, one term of which must exceed the aver* 
age price, whikd the other must be leas. 

CA8B I. 

The rates of the several ingredients being given, to make a 
compound of a fixed rate. 

From what has been said above, we draw the following 

RULE. 

/. Write ihe rates of the simples in a line under each ather^ 
then connect each rate of the ingredients^ which is less than the 
rate of the compourid, mffi one or mare rates greater than the 
rate of the compound ; conned in the stone way, each rate which 
is greater than the rate of ihe compound, with one or more rates 
which are less^ 

IL Write ihe difference between each rale of ihe ingredients^ 
and ihe compound rate, opposite the rate of the ingredient wUh 
which it is connected. If only one difference stand against any 
rate, it will he the required quantity of the ingredient ofihat 
rate ; hut, if there be several, their sum will be the quantity 
required. 

Examples. 

1. How much sugar at 5, 6, and 10 cents per pound, must 
be mixed together, so that a pound of the mixture may be 
wortb 8 cents 7 . 



8<6 



10- 



SOLUTIOir. 

2 

2 

3 + 2=5 



Therefore, if we take 2 pounds at 5 cents, 2 pounds at 6 
cents, and 5 pounds at 10 cents, we shall satisfy the condi- 
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tioM of the question* , It is obvtoas that any other number of 
pounds which are to each other as the nnmbers 2, 2t and 6, 
will satisfy the question equally well ; so that in Alligation 
the number of solvtibns are indt^inite ; all that we can do is 
to find the ratios of the quantities required. 

* * 

I * 

NoTK.— In many cams the ingredients will admit of being connected 
in aeteral ways, and then we shall obtain as many sets of ratios as there 
are oMtiiods of conneeting' tiiem* 

2* How many pounds of raisins at 4, 6, 8, and 10 cents 
per pound must be mixed, so that a poimd of the compound 
may be worth 7 cents ? . . 

In this question the terms may be connected in seven dis- 
tinct ways ; therefore we shaU obtain seven sets of ratiosy as 
follows: 



4 1 3 (4 , 1 

10 — J 3 Ll(M 1 



r4- 



8—1 



10^ 



1 + 3=4 
1 

3+1=4 
3 



(4— 
t=r\ 
10 — I 



8 

1+3=4 

1 

3+1=4 



t 



1+3 

3 + 1: 



1 

A 

:4 
1 



Note. — ^The two remaining methods of connecting the terms, have 
been omitted on accomit of the difficulty in arranging the type in imita- 
tion of the operation. 

In one of these cases, the 4 is connected with the 8 and 10 ; the 6 
with 10, and tiie ratios are found to be 4, 3, 3, and 4. In the other case 
the 4 is connected with the 8 and 10 ; the 6 with 8, and 10, and the nu 
tioB are all equal. 

3. How much wine, at 72 cents per gallon, and 48 cents 



ALLIOATION ALTEBNATE. 205 

per gallon^ must be mixed togetberi that the composition may 
be worth 60 cents per gallon? 

Ans. An eqaal quantity of each. 

4. Suppose ten pounds of pure gold, when immersed in wa- 
ter, to displace 4 pounds of water ; 10 pounds of pure silver 
to displace 7 pounds of wjBiter ; and 10 pounds of an alloy of 
gold and silver to displace 6 pounds of water. TV hat are the 
proportions of gold and silver in the compoimd ? 

Ans. Twice as much silver as gold. 

5. How many gallons of wine and water must be mixed 
together, so that the mixture shall be worth 60 cents per gal- 
lon, the waler being consid^ed of no value, and' the wine with 

which it is mixed being worth 9Q cents per gallon? 

An». 2 gallons of wine to 1 cf water. 

6. Having gold of 12, 16, 17, and 22 carats fine, what pro- 
portion of each kind must I take, to make a compound of 18 
carats fine? 

7. It is required to mix difiSsrent sorts of gr^n, at 56, 62, 
and 75 cents per bushel, so that the mixture may be worth 60 
cents per bushel. How much of each kind must be tak^i ? 

8. Hiero, king of Sicily, ordered* a crown to be ma!de con- 
taining 63oz. of pure gold ; but suspecting that the workmen 
had debased it by using part silver, he recommended the de- 
tection of the fraud to the famous Archimedes, who putting it 
into water found that it displaced 8.2245 cubic inches of wa- 
ter. He next found that a cubic inch of gold weighed 10.86 
ounces, and a cubic inch of silver weighed 5.85 ounces ; then, 
from this data, he calculated the proportions of gold and silver 
of which the crown was composed. What must have been his 
result? 

Ans. 2.5447 oz. of gold to every 2.1434 oz. of silver. 
18* 
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GA8B II. 

When one of the iDgredients is limited to a certain qaanti* 
tjf we have this 

RULE. 

Find the proportionate quantities of each ingredient^ by Case 
LfinAe same manner as though there teas no limitation ; them 
as the difference against the simple whose quantity is given, is to 
each of the other differences^ so is the given quantity ofihcA sim^ 
pie to the quantity required of each of the other simples. 

Examples. 

1. A person wishes to mix 10 busheb of wheat, worth #1 
per bushel, with rye, worth 70 cents per bushel, and oat» 
worth 80 cents per bushel, so that the mixture may be worth 
60 cents per busheL How many budieb of rye and oats must 
he use T 

Proceeding according to Case I., we find the proporttonate 
numbers to be 30, 30, and 50. Hence, 

30 : 30 : : 10 : 10 
30 : 50 : : 10 : 1^ 

So that he must make use of 10 bushels of rye, and 16| 
bushels of oats. 

2. A grocer has 00 pounds of tea, worth 90 cents per pound, 
which he wishes to mix with three other qualities, valued at 
80 cents, 70 cents, and 60 cents per pound. How much must 
he take of these three kinds so as to be able to sell the mix- 
ture at 85 cents per pound ? Ans. 10 pounds of each. 

3. A wine-merchant wishes to mix 100 gallons of wine, 
worth 91 per gallon, with wines wbrthtl.lO, $1.20, and $1.30 
per gallon, so that the mixture shall be worth $1.15 per gal. 
Ion. How many gallons must^ he use ? 
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NoTX. — ^Thifl question, like qaesliitm 2, vnder CaBe I., will admit of 
■even antwerst arisiiiir irom tbe seven ways in which the prices of tha 
^igredients may be connected, 

i. How much gold at 16, 20, and 24 carats fine, and how 
much alloy, must be mixed with 10 ounces of 16 carats fine, 
that the composition may be 22 carats fine T 

5. A merchant has 90 pounds of spice worth 86 cents per 
pound, which he wishes to mix with three other sorts which 
are worth 30, 40, and 50 cents per pound, respectively. How 
many pounds must be used so that the compound may be worth 
$5 cents per pound ? 

CASE in. 

When two or more of the ingredients are limited in qnanti* 
ty, we have the following 

RULE. 

Find, as in AJUigaium Medial, what vnU he the rale of a 
mixture made of the given quantities of the limited ingredients 
(^U f ^^^ consider this as the rate of a limited ingredient^ 
whose quantity is the sum of the quantities of (he limited tngre* 
dierds^from which^and the rates of the unlimited ingredients, 
proceed to calculate the several quantkies required, as in Cast 
II. 

Examples, 

1 . I have 86 gallons of wine, at 24 cents a gallon, 8 gallons 
at 52 cents, and 4 gallons at 88 cents, and would mix the 
whole with three other kinds of wine, one at $1.25, one at 86 
cents, and the other at 90 cents per gallon. How many gal- 
lons of the last sorts must I use, so that the mixture may be 
worth $1 per gallon? 
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By Alligafion Medial, we find as follows : 

•\ 
'36 gallons at 24 cents=$8.64 
8 « « 52 " =i 4.16 
4 «' '» 88 ** = 8.52 

48 gallons come to 816.32 

Therefore, one gallon of this mixture is worth 34 cents. 
Now by Case 11^ of Alligation Alt^nate, we have 



100 



f 34— f \ 25 

J 125^j— 66+14+10=90 

] 86—' 25 

t 90 26 



25 : 90, :: 48 : 172J - 

25 : 25 ; : 48 : 48 
25 : 25 :: 48 : 48 

Therefore, I must take. 48 gallons of the two sorts, which 
are worth 86 and 90 cents per gallon^ and 172| gallons of 
the sort which is worth $1.25 per gallon. 

2. With 6d gallons of wine, worth 8 shillings per gallon, 
I mixed other wtne at 7 shillings, and some water : I then 
found that it was worth 6 shillings per gallon. How much 
wine and water did I mix with the 63 gallons ? 

3. A person wishes to mix 10 bushels of wheat, at 70 cents 
per bushel, with rye at 48 cents, corn at 36 cents, and barley 
at 30 cents per bushel, s6 that a bushel of the mixture may be 
worth 38 cents. What quantity of each must be taken? 

4. With 50 pounds of tea, worth 75 cents per pound, I 
wish to mix other teas worth 90 and 95 cents per poundy so 
as to be able to afibrd the mixture at 80 cents per pound. 
How many pounds of the 90 and 95 cent teas must I use? 
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CASE nr. 

When the whole compound is limited to a certain quantity, 

we have this 

RULE. 

Find the proportional parUf as in Case L ; then as the sum of 
the proportional parts thus obtained^ is to the given quantity, so 
is the proportionate quantity of each ingredient^ to its required 
quantity n 

Examples. 

1. Having three sorts of raisins at 0, 12, and 18 cents per 
pound, what quantity of each sort must I take to fill a dask of 
210 pounds, so that its contents may be worth 14 cents per 
pound ? 



14 





SOLUTION. 




( 


9-^—, 




4 


^\ 


12— 




4 


\ 


18 


54-2: 


=7 


15 


: 210 


: : 4 : 


56 


15 


: 210 


: : 4 : 


56 


15 


: 210 


:: 7 : 


98 



210 

Therefore, I must take 56 pounds each, at 9 and 12 cents 
per pound, and 98 pounds at 18 cents per pound. 

2. A goldsmith has gold of 14, 18, and 20] carats line; 
and would mix of all these sorts so much as to make a mass 
of 50 ounces, which shall be 16 carats fine. How much of 

each sort is required ? 

4 (30 oz. at 14 carats fine ; and 10 
^®' \ oz. each, at 18 and 20 carats fine. 
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3. How mach water must be mixed with brandy, worth 
$1.60 per gallon, to reduce the price to 91.20 per gallon, 
provided I fill a cask of 120 gallons 7 

4. A grocer has currents at 6, 8, 10, and 12 cents per 
pound ; and he would make a mixture of 840 pounds, so that 
a pound of it may be worth 9 cents. How many pounds of 
each sort may be taken 7 



316 pounds, at 6 cents. 
105 *» tt 8 «• 
105 «« « 10 «* 
315 « «* 12 « 

280 pounds, at 6 cents. 

70 U u Q u 

280 " «* 10 « 

210 " *« 12 •* 

84 pounds, at Scents. 
336 " - 8 «4 

336 ** "10 *' 

84 " " 12 *< 



105 pounds, at 6 cents. 
315 " *« 8 ** 
815 " •* 10 •* 
105 « " 12 »* 



210 pounds at 6 cents. 
280 ** •« 8 «• 
70 «« « 10 ** 
230 ** " 12 ** 



240 pounds at 6 cents. 

180 •* M Q %i 

180 " « 10 *• 
240 « « 12 « 



210 pounds, at 6 cents. 
210 ** «4 8 •! 

210 « " 10 ** 
210 " *« 12 <* 



In this case, the seven sets of answers arise from the seven 
ways in which the ratios are capable of being alligatcd. Wo 
may add, th&t when there are two rates less than the mean, 
and two greater than the meaUf there must be seven ways in 
which they may be alligated, and consequently they will give 
rise to seven distinct sets of answers. 

Qutetions in Alligation befong properly to that branch of 
algebra called Indetermmats Anaiy^^ and will, in many ca- 
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860, admit of an indefinite number of answen ; indeed, we 
may combine these seven sets of answers in as many ways as 
we wish, so that each combination shall produce a new an- 
swer. Thus, taking | of the first set, and adding them to } 
of the second set, we obtain the fdlowing answers. 

231 pounds, at 6 cents. 

180 U U Q U 

189 « « 10 «« 
.881 « « 12 , ^ 

If we take i of each of the first three sets and add them, we 
get 

23di pounds, at 6 cents. 
163ft <^ « 8 «< 
2331 *• •* 10 « 
210 « « 12 •• 



Again, taking a seventh part of the sum of all the seven 
sets of answers, we get 

206f poonds^ at 6 cents. 

2l3f a « 3 u 

218f «» « 10 ** 
206f •* *« 12 " 

Tliis method of combining can be varied in an infinite num- 
ber of ways. 
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CHAPTER XIV. 

PERMUTATION. 

88* PflBXiTTATZoif means the number of transpositions 
which can be made with any number of individual things^ all 
being taken at a time. 

Thus, by Permutation, we obtain the following results : 

2) Perm, (aabb) = 

- mM ubab 
abba baah 
baba bbaa 

4) Perm. (tMc) ss 

abbe 

abeb ' 

acbb 

babe 

baeb 

bbac . 

bbca 

beak 

bcba 

cabb 

ebah 

ebha 



1) Perm 


. {abc\ = 


/ ' 

abe 
bae 
cab 


bca 
cba 


3) Perm. 


{abed) = 


abed 


cahd 


abdc 


cadb 


acbd 


cbad 


acdb 


ebda 


adbc 


edah 


adeb 


edba 


bacd 


dabc 


bade 


daeh 


bead 


dbae 


beda 


dbca 


bdac 


deab 


bdea 


deba 



\ 
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5) Perm, {aabhc) == 



t^- 



aajjhc 
aabch 
aacbh 
dbahc 
abctch 
abbac 
ahbca 
abcab 
abcba 
acabb 
acbab 
aebba 
baahe 
baac6 
babac 



habca 

bacab, 

bacba 

bbaac 

bbaca- 

bbcaa 

bcaab 

bGciba 

bcbaa 

caabb. 

cahab 

cabba 

cbaab 

cbdba. 

cbbaa 



6) Perm. {(Uioabb) = 

* rf * 

"• *■ 

* -* ' . ' 

aaabab ^ 
aacibba 
aabaxth 
aababa 

aiabbm 
abaassb 

dbaaba 

ahabaa 

abbaaa 

baaaab \ 

baaaba 

bcuibaa 

hahaaa 

hbaaad 



7) Perm, {aabed) ~ 



aabcd 

aaMe 

aacbd 

aacdb 

aadbfi 

cuidcb 

abacd' 

dbadc 

ahead 

w 

abcda 
abdae 
abdca 



acabd 

acadb 

ficbai 

acbda 

acdab 

acdba- 

adobe 

adacb 

adbao 

adbca 

adcab 

adcba 



baaed 
baadc 
baead 
baeda 
bddac 
badca 
bcaad 
bcada 
bcdaa 
bdaac 
. bdaca 
bdeaa 

CABS I. 



cacdfd 
eaadb 
eab€id 
cabda 
cadab 
codba 
cbaad 
cbada 
tbdaa 
cdaab 
odi^ba 
edbaa 



■> ' 



doiibc 
diiacb 
dabac 
djbca 
dacab 
diu^st 
dbeuic 
dbaea 
dbcaa 
dcaab 
dcaba 
dcbaa 



When the indiriduai things, are all different^ to find the 
namber of permutntions. 

From the aBore results, we deduce the foilowing ~ 
19 
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l^tiMply continually the series of natural numbers^ l, d, 3, 4, 

4*c., tmfil 100 have used asmanyfadorstis there are individual 

things. 

Examples. 

1. How many permutations can be made of 6 individual 
things, all different ? And. 1 X^ x 3 x 4 x 5 x 6 =720. 

2. How many different ways may 10 persons' sit at table T 

• - Ans. 3628800. 

3. How many permutations may be. made with. 15 individ- 
ual things t 

CASE 11. . 

When. several of the individual tilings are of the same kind, 

•* ~ « • * 

we have this 

RPLB. 

1. Find the number of permutations, ly Case LjOnlhe sup' 
position thai all th6 indimdual things are different. 

IL Findi by the same Cdsef the number of pennutaOonSf 
which can be made of as many individual things us there, are 
terms of any particular sort ; do the vamefor all the terms which 
are repeated^ iTien take t^ continued product of all the partial 
permutafions, and dmdeihe t0tai number of permutations^ as 
foiund by the first part of this rtde^ by this continued product. 

Exan^es. 

1. How many permutations can be made of the letters 

AABBOC?' 

SOliXTTIO^. 

By. Case L^ we find the total nmnber of permutations of «ix 
tilings to be 1X2X3X4X5X6. We also find the number 
of permutations of two things to be 1 X2 j but since there are 
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■s. 

three letters which are repeated, each twice, our CQntinued 
product of these partial permutations is 1 X 2 :^ I X 2 X 1 x 2. 

«H. e 1X2X3X4X5X6 L- L u 1 J 

Therefore-. — _ , which, by cancelmff, redu- 

1X2X1X2X1X2 
ees to 90, for the number of permutations sought. . 

2. How many numbers, of nine figures each, can be express- 
ed by the use of four figure ones, three figure twos, and two 
figure threes! 1 Xi&X3X4X5X6X7x8X9_,rt-^ 

1X2X3x4X1X2X3X1X2 

3. Hew maijy ways may the letters of the words Highss 
Abitbmbtic, be p^rmatated ? Ans« 72646576000. 

, 4* lu how many different ways may three maple frees, five 
ash.trees, and two elm trees, be set out in a single row? 



COMBINATION. 

Sd^ CoHBXNATXoN mcans the number of ways in whieh a 
certain number of things can be combined, by taking a given 
number at a time. When two things are cbmbined at a time, 
the combinations are said to be of the second doss; when three 
are taken at a time, the combinations are then of the third 
dasSf and so on, for higher classes. . 

CASS I. 

When the combinations allow of a repetition of the same in- 
dtvLdual thing, we find the following, results* . 

COMBINATIONS WITH REPETITIONS, 

L) Comb, (a, b, c, d) of the second Class. 
cur, a6, aCf ad, 66, be, bd, cc, cd, dd. 

2) Comb, (a, &, c, c2, e) of the second Class. 
^Oyobf aCf adf ae, bb^ 5c, M, be^ ec, cd, cq, dd, de^ee. 
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8) Comb, {a, &, e} 




4) Comb. (a^bfCfd) 


(Third CIa88.> 


- 


(Third Class.) 


aaa 




aaa hbb 


adb 


1 


aab bbe 


aac 




aac bbd 


abh 


1 


aad bee 


7 ahc 




abb bed 


ace 


• 


a^c hdd 


hhb 




abd eee 


hbe 




ace ccd 


bcc , 




acd edd 


ccc 

- .  I • 




add ddd 


0) Coukb. (a, h, c, A 


.0. 


6) Comb, (ay 5, e) 


(Third Claas.) 


^ 


(Fourth Class.) 


aaa add 


bee 


aaaa 


aiah ode 


e&B 


aaab 


aae aee 


ecd 


aaae 


aad hbh 


cce 


aabb 


aae bbd 


edd 


aahc 


abb' hhd 


cde' 


adec 


dbe ' blie 


eee 


abbb 


abd bee 


ddd 


abbe 


abe bed 


dde 


dbce 


ace bee 


dec 


aecc 


Ofid hdd 


eee 


bbbb 


aee hde 




bbbe 


• 




hbcc 
bece 


• 




ecce 
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1 


7) Comb, (a, h, c, 


d) 




(Fourth Class.) 


 




>. 




aaaa 


(Obd 


bbcd 


aaab 


ahcc 


hbdd 


aaac 


abed 


bccc 


aaad 


dbdd 


' bccd 


aahb 


actc 


bcdd 


adbc 


deed 


bddd 


adbd 


acdd 


cccc 


aacc 


addd 


cccd 


aacd 


hhbh 


ccdd 


aadd 


hbbc 


cddd 


ahhh 


hbbd 


dddd 


abhc 


Ihcc 





8) Comb. («, hi c, d, e.) 
(Fourth Class.) 



r- . ' \ 

aaaa abbe hbbc bdte 

daflb ahcc ' hhhd 'heee 

aaac abed - hhbe . cccc 

aaad oBce hhcc cccd 

aaae ahdd . hhcd ccce 

(idbb ahde ^ bbce ccdd 

adbc ahee hhdd cede 

aabd tuxe bbde ccee - 

aabe aced hhee cddd 

aacc acce - hcee cdde 

aacd acdd bccd cdee 

aace acde bcce # ceee 

aadd acee Bcdd dddd 

aade addd ^ bcde ddde 

aaee adde hcee ddee 

ahhh adee hddd deee 

ahhc aeee hdde  eeee 

ahhd hhvh 

19* 
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From an inspection ef the above, ire deduice the foUowing 

RVLE. 

Add ifie number denoting the class of ike comlnnaUena to ih€ 
nvmber of indioiduud Mngs^ and from the sum subtract on^, 
mudtiply this remainder conHnuaUy hy the successive decreas- 
ing terms of the series of natural numbers^ utAU toe reach the 
term denoting the number of individual thi^s; then dioide 
this product by the number qf permutntionst found by Case /•, 
Art* 88, of a number of individudl things denoted by the cUiMS 
of the combinations. 

Examples. 

 

1. How many eombinations^of the 5th class can be formed 
out of 10 individual things ? . 

The number denoting the cl,as(S added to the number of in- 
dividual things gives, 10+5=15, from which, subtracting one^ 

*,V rru c 14X13X12X11X10 „nA« • *u 
we get 14. Therefore, — =2002, is the 

^ IX 2X 3X 4X 6 

number of combinations itought. 

2. How many different numbers, of four places of figures 
each, can be formed out of the nine digits ? 

Ana. H^iHi<i^=41». 
IX 2X 3X4 

3. How many different combinations, of six things at a 
time, may be formed out of 11 individual things ? 

Ans, 800a. 
CASH n. 

*  

If we form combinations,, witkout. repeUtions, we shall have 
as follows : 
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COMBJNATIONS WITHOUT REPETITIONS, 
1) Comb« (oy 5, c, cf, «,/, ^, A, t) 





(Second ClasA.) 


^ 




a5 

ml 
ae 


ah hg eg 
ai ^ hh ch 
he hi ci 
hd cd de 
he ee df 
he cf dg 


tg 

ei 


1 



2) Comb, {aih^e^dye^f) 
(Third Clas3.) 

/ -^ ' — ^ 

ahc acd adf hcf cde 

ahd ace aef hde cdf: 

ahe acf hcd hdf cef 

abf ode hce hef ^ def 

8) Comb, {a, A c, d, e^fig, A) 
(Third Class.) 

ahc adf hcf hfh cgh 

qbd adg hcg - hgh def 

ahe adh peh . cde deg 

abf aef hde . cdf deh 

abg aeg hdf cdg dfg 

abh . aeh hdg cdh dfh 

acd afg hdh tef dgh 

ace afh hef ceg efg 

acf agh' beg ceh efh 

acg hcd .heh cfg egh 

ach hce hfg cjh fgh 
ode 
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4) Comb, (a, 3, c, d, «,/, g) 
(Fourth CUfs.) 



ahcd ahfg adfg hdeg 

ahce acde aefg bdfg 

ahcf acdf hcde befg 

abcg acdg hcdf cdef 

'aide ac^ bcdg cdeg 

aSdf aceg Jkef cdfg 

ahdg acfg hceg cefg 

ahef adef Ufg d4ffg 

aheg adeg hdef 

5) Comb, (a, l^ c, d,.c,/, g, h) 

(Fififa Caass.) 



ahede ahdfh aeegk beefh 

uhcdf ahdgh Qcfgh hcegh 

abedg . abefg •defg hefgh 

ahcdh. ahefh ddefh hdefg 

ahcif ab%gh jad%gk hdefh 

abeeg . abjgh adfgh hdegh 

^eh addef aefgh hd^gh 

ubcfg iied^ hedef Wgh 

abcfh aedeh bedeg cdefg 

ahegh ' acdfg -^ bedeh . cdefk' 

Cbdef ^cdfh bcdfg cd9gk 

0hdeg ncdgh bcdfh- ' edfgh 

a^k aeefg bedgh cefgk 

^bdfg netfh- kcefg defgh 
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Therefore^ when there are no repetitions in the eomlHna* 
tions, we have this 

RULE. 

Add one to the number^ of individtud things, and from the 
sum stibtract the number denoting the class of the comhinations, 
multiply this remainder ly the successive increasing terms 
of the series of natural numbers^ tiU tpe reach the term denoting 
the number of individual things ; then divide ibis product by 
the numbet^ of permutations, fdund by Cas^ J., Art .88, ofanum- 
ber of individual things^ denoted by the class, of the combina' 
iions. 

Examples. ' 

r. What is thenumherof combinations, without repetitions, 
of the fourth class, which can be formed out of 10 individual 
things ! 

SOLUTIOir. 

Adding one to the number of individual things, we get 11, 
from which, subtracting the number denoting the class, we 

get 11-4=^:7. Therefore, ^?^iii^i^iiH===210, is the num- 

® 1X2X3X4 

ber sought. -  s  

%. How many lottery tickets, each having three numbers, 
can be formed out of 60 numbers 7 

Ans. 58X59X^0 ^34220. 
IX 2X3 

3. How many combinations, of 4 things at a time, without 
repetitions, can be formed out of 100 individual things ? 



VARIATION, 
90» By Vabxatioiii we understand the different transpo- 
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•itioas that tnin take place when the individual things are not 
all taken at onpe. Variations are divided into t^lasses, in th« 
■ame way as Combinations. They are also distinguished by 
variations with repetitions!) and variations without repetitions. 

CASS I. 

When the variations are made with repetitions^ we have 
follows: 

TABIATI0N8 WITH REPETITIONS. 

1) Var. (<t,^c, (f,e,/) 
(Second Class.) 



/- 



4ta 


ha 


ta 


da ' ea 


/« 


Qb 


hh 


ck 


dh eh 


/* 


ac 


he 


ce 


dc ec 


fc 


ad 


hd . 


cd 


dd ed 


fd 


ae 


he 


ce 


de ee 


fi 


«/ 


¥ 


cf 


df ef 


ff 




2) Var; (ft, 


h Cf d) 


- 


^ 


(Third Class.) 


• 


aaa 


adb 


hcc 


ehd 


dha 


aah 


adt 


hcd 


cca 


dbh 


ode 


add 


hda 


cch 


dhc 


aad 


haa 


hdh 


ccc 


dhd 


•ba 


hah 


hdc 


ccd 


dca 


aib 


hoc 


hdd 


cdOf 


dch 


abe 


had 


. caa 


cdh 


dec 


ahd 


hha 


cdh 


edc 


dcd 


oca 


hhh 


cae 


cdd 


dda 


ach 


hhc 


cad 


daa 


ddh 


OjCC 


hhd 


' eha 


iah 


dd€ 


acd 


hta 


thh 


doe 


ddd 


ada' 


hch 


. ehc 


dad 
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8) 


Var. (a, bf 


«) 


- 


(Fourth Class, 


•) 


- 


ahcc 


bdca 


bcbb 


ebac 


acad 


bacb 


bcbc 


cbba 


acab 


bacc 


bcca 


cbbb 


aeae 


lAaa 


becb 


cbbe 


aeba 


»b(a :. 


bcce . 


cbca 


aekb 


hbttc 


caaa 


ebcb 


ache 


bbba : 


eaah 


eb€c 


aeca 


hbbb 


caac 


ctaa 


Aiccb 


bhbt ... 


eeba - 


eeab 


accc 


bbca 


cabb 


eeac 


baaa ^ 


bbcjb . 


cabe 


ecba 


haah 


bbcc 


eaca 


ecbb 


haac 


bcaa 


cdcb 


eebc 


haha 


'. bcab ,. 


eaec . 


ceca 


Mb 


^ bate 


ebaa 


eccb 


babe 


hcba 


cbdb 


cccc 



f " 

aaaa 

aaah 

aaac 

aaba 

aabb 

uabc 

aaca 

aacb 

aacc ' 

abcut 

dbaib 

<ihac 

abba 

abbb . 

abbe 

abca 

abeb 

From the above, we dratw the fbRowiog ' 

RULE. 

Raise the number denoting the indundual things to d power 
whose e^eponent is the itum^r expressing the class of variations, 

flxamph^s. 

' Ic How maoy variations, with repetitions, can be formed 
of the 4th class, out of 5 individuar things ? 

' 2. Hpw many Bwnbers can we form oiit of the nine:di=g- 
gits, of 9 places of figures ^ach> provided we are allowed to 
make a repetition of the digits ? . Ans. d^^ =367420489. 

When the vtiriations are formed, without repetitions^ we 
find-M jEUlows:- 
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• 




(Fourth Class.)' 

> 


* 




abed 


< 

aeeb 


- bdea edab 


dbea 


  \ 
eadb 


ahe9 


aeed 


bdee ' edae 


dbee 


eadc 


aide 


aedb 


beae edba 


dbea 


ebae 


9bd€ 


aedc 


bead edbe 


dbee 


ebad 


abee 


baed 


beea edea 


•deab 


ebea 


abed- 


baee 


beed edeb 


,deae 


^cd 


aebd 


bade 


beda eeab 


delii 


ebda 


aebe 


' bade 


bede cead 


dcbe 


ebdc 


aedb *- 


baee 


cabd eeba 


' deea 


eeab 


acde ' ' 


bae4 


' eahe eebd ' 


. deeb 


eead 


aeeb' 


bead 


eadb . * "' eeda 


' deab . 


eeba 


aced 


beae 


cade eedb 


deac 


ecbd 


adbe 


beda 


caeb ' dabc 


deba 


eeda 


adbe' 


bede 


eaed . dabe 


debe. 


eedb 


adeh 


beea 


ebad dacb '. 


deea 


edab 


ddeb 


beed . 


^bae dofie 


deeb 


edae 


adfb 


bdae 


ebda • daeb 


eabe 


edba 


adec 


bdae ' 


cbde daec 


tahd 


edbe 


aebc^  


bdea 


ebea dbae 


eaeb 


edea 


aiU 


bdte 


cbed. dbae 


4^d 


edeb 



From the above, we deduce tfae fbltowing 

RULE. 

Add am to the tiumhet of indiindual things, and from ih€ 
sum subtract the number denoting ^ order of the class ofva^ 
riatkms ; muUiply this remainder continually by the successhe 
increasing .terms ofAe series of natural nun^ers, uiUU toe reach 
thai term which is equal ta the numh^ rf^indvndual4Mngs» 

J Examplesm 

It Ifow many variations^ without repetitions, ofthe4tk 
class^ o>n be ibrmed^ut of lOindividiuil Uiings? 

^ Ans. TX8X9^X10=*6040. 



J 
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ass 



2. How maay numbers, of &yb places of figures each, can 
beformedout of the 9 digits, BO that tbe same digit shall not 
be repealed in the same number T 

Ans. 5X6X7X8X9=15130. 

S. How many words, of IS.Iatteis each— no lettei being 
repeated— can be formed out of the 26 letters of the alpha, 
bet, on the supposition that every combination of letteraii 
capable of producing a word 1 



91. It is required to find the number of ways in which an 
odd number of tetters, arranged as in the following squares, 
can be read in alphabetical order, by beginning at the centnt 
square, and reading outwards. 




By earofully inspecting the above figures, we derive the fol< 
lowing 
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RULE. 

Findf hy Case //., Art> 89, the number of comhinatioriSf with- 
<nA repeiiiionSf of a number of individual things^ which is one 
less than the number of letters, the olass of the combination he- 
ing represented hy half the number of letters after one is sub- 
tracted : then multiply this resuU by 4« 

Examples. 

I 

1. How many ways may the first nine letters of the alpha- 
bet be read in this way ? 

SOLUTIOK. 

Subtriacting one from the number of letters^ we get 9— 1=8 ; 
thereforoyby Case II., Art. S9, we find the number of combina- 
tions of 8 things, without repetitions, of the fourth class, to be 

^-rc=70 ; this multiplied by 4, gives 280 for the num- 

4x8X2X1 

her sought. 

2. In how many ways may the phrase, uoderatb tovs 

ovsiosiTiTi be read after the above manner ? 

Ans. 739024. 

3. In how msfny ways may the SlS^ letters: of the alphabet 
be read in this way ? 
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CHAPTER XV. 

HISOELLANEOUSf QUESTIONS SOLVED BY 

ANALYSIS. 

92« A man and his wifq usually drank out a cask of beer 
in 12 days ; but when the man was from home, it lasted the 
woman 30 days. How many days would the man aloae be 
in driifking it t 

SOLUTION. 

Since it requires 12 days. for the man and his wife to drink 
out the cask, they must, in each day^ drink -^ of it» 

Again, since the woman is 30 days in drinking it, she must, in 
each day, drink ^ of it. 

Hence, the fractional part which the man drank in one day 
must be i^^— ^=77 ; •*• ^i^ ^^ ^^y^ he could drink the whole. 

2. A person bought several gallons of wine for $94, and 
afler using 7 gallons himself, sold i of the remainder for 820. 
How many gallons had he at first ? 

SOLUTION. 

Since he sold i of the remainder, after using 7 galfons, for 
820, he could have sold the whole of the remainder for $80 : 
therefore, the value of the 7 gallons, which he used^ wag 
94—80=814 ; and one gallon must have cost V=82. .The 
wine being worth 82 per gallon, he must have purchased '^ 
a=47 gallons. 
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8. A person in play, lost i of his money, anci (hen won 3 
shillings, after which, he lost } of what he then had ; and this 
done, he found that he had but 12 shillings remaining. How 
much had he at first ? - 

SOLUTION. 

Since, in the first place, he lost i of his money, he must have 
had left | of it, to which, adding the 8 shillings which he won, 
he had | of his money + 3 shillings. Again, he loses ^ of 
this, and consequently retains | of it ; so that i of 3 of his mon^ 
ey + i of 3 shillings, or which is the same, i of his money -f- 2 
shillings, is what he finally had remaining ; this, by the condi- 
tionsof the question, is 12 shillings^ •*. we have this relation : 
I of his money +2 shillings, must equal 12 shillings, orVhich 
is the same, ) of his money must equal 10 shillings ; and con- 
sequently his money must have been 20 shillings. 

4. A fish was caught whoso tail weighed 9 pounds, his head 
weigiied as much as his tail and half his body, and his body 
weighed as much as his head and tail together. What warn 
the weight of the fish ? 

soLimoir* 

Since the head of the fish is equal to i of the body, together 
with the tail=9 pounds, it follows, that the head and tail to- 
gether must equal i of the body + 18 pounds. But by the 
question, the head and tail together is equal to the whole body ; 
•*• we have this relation : 1 of the body + 16 pounds, mast 
equal the whole body ; consequently, ) of the body must eqoal 
18 pounds, and the whole body is 36 pounds. And since the 
body weighed as mueh as the head and tail together, it fol* 
lows, that the weight of the whole fish was twice that of the 
body, or eight times that of the tail ; which is 72 pounds. 
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5. A person engaged a workman for 48 days. Foreackday 
that he lai)ored he received 24 cents, and for each daj that he 
was idle, he paid 12 cents for his board. At the end of the 
48 days, the account was settled, when the labors received 
95.04. Required the number of working days, and the num- 
ber of days he was idle. 

SOLUTION. 

Had he worked ail the time he would have received 24 x 
48=911.52 ; but he received only 95.04. Therefore by be- 
ing idle he lost 911.52—95.04=96.48. Now for each idle 
day, he loses the 24 cents, which he might have earned, as 
well as^ the 12 cents which he gives for his board ; so that 
every idle day is to him a loss of 24+ 12=36 cents. But we 
have just shown that his total loss was 96.48; .*. the num- 
ber of idle days was ^f ~^®5 ^^^ ^® worked 48—18= 
SO davs. ' 

6. A gentleman bought two pieces of silk, which together 
measured 3>6 yards. Each of them cost as many shillings per 
yard as there were yards in the piece, and their whole prices 
were as 4 to 1. What were the lengths of the pieces ? 

SOLUTION. 

Since each piece cost, per yard, as many shillings as there 
were yards in its length, it follows that their values expressed 
in shillings must be as the sq\iares of their lengths. By the 
question, their prices were as 4 to 1 ; therefore the squares pf 
their lengths must be to each other as 4 to 1 ; consequently, 
their lengths must be to each other as 2 to 1. 

The question is now reduced to the foHowing : Divide 36 
into two parts, which shall be to each otllel^as 2 to 1. These 
parts are ) of 36 =24, and ^ of 86=12. 

20* 
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7» In a mixture of wine and cider, ) of the whole, plus 29 
gallons, is wine, and i of the whole, minus 5 gallons, is cider* 
How many gallons were there of each ? 

SDIITTIO]!?, 

By the question, the wine=^ of the whole +25 gallons, and 
the cider = i of the whole — 5 gallons. Hence, taking the 
sum of these expressions, we get the whole=( J + 1) or f of the 
whole + 20 gallons ; .*• } of the whole equals 20 gallons ; 
consequently, the whole is 120 "gallons. 

Now i of the whole is 60 gallons, to which, add 25 gal- 
lons, we get for the wine, 85 gallons* 

Again, i of the whole is 40 gallons, from which, subtracting 
5 gallons, we get for the cider, 35 gallons. 

8. A market woman bought a certain number of eggs, at 2 
for a penny ; and as many more, at 3 for a penny ; and having 
sold them again, a)togeth^, at the rate of 5 for 2 pence, found 
that she hud lost 4 pence. How many eggs bad she 7 

SOLUTION. 

Since, by the question, half of the eggs cost | of a penny a 
piece, and the other half cost i of a penny a piece, it follows 
that the averajge price, which she gave for the eggs, was () + 
J)-r2=^^ of a penny a piece. Since she sold them altogeth- 
er at the rate of 5 for 2 pence, that is, f of a penny a piece, 
she must have lost, on each egg, y^^— 1=±:^ of a penny. 
Therefore, to lose 1 penny, she must dispose of 60 eggs ; and 
to lose 4 pence, she must have had 240 eggs. 

9. A and B can, together, do a piece of work in 8 days; A 
and C can, together, do it in 9 days. How many days would 
it requtiie for each to perform the work alone ? 
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SOLirriON. 

Sinoe A and B can do the work in 8 days, they can, in one 
day, dp I part of it ; for a siinilar reaspn, A and C can do ^ 
part of it in one day ; B and C can do ^j^ part of it in one 
day. Adding these fractional parts together, and observing 
that each individual has been included twice, we shall get, by 
dividing the sum by 2, the following fraction : ( J+i+yV)"^ 
2=^1^, which is the fractional part of the work, which they 
all together would perform in one day. 

We have already seen, that the part which B and C can 
perform in one day is ^^ ; ,•. If J— tV^tVct ^ *^® fractional 
part which A could perform in one day. Hence, the time in 
which A could alone perform the work is ''^^ = lA^ days. 

Again, the fractional part, which A and C together could 
perform, is ^; ••, -rfy— T=TVir» ^^ *^® fractional part which B 
could perform in one day ; hence, the time in which B 
could alone perform the work is '^y=:17}f days. The frac- 
tional part which A and B together could perform, is | ; .*. ^fj- 
— |=^Ys^ is the fractional part which C could perform in one 
day ; hence, the time in which he could alone perform the 
work is W^'^Ssj^r days. 

10. A and B have each the same income. A contracts an 
annual debt amounting to | of it ; B lives on | of it ; and at 
the end of ten years B lends to A enough to pay off his debts, 
and has 9160 left. What id the income ? 

SOLUTIOSr. 

Since B lives on | of his income, he must save ^ of it. A's 
debt for one year being 4* of the income, B will have left after 
paying A's debt, |— ^=3^ of his income. And since this 
would in ten years amount to $160, -ff of his income miist 
equal $160. Hence, the incomo was y of 916=3i$280. 
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11. A merchant supported himsetf 3 jears for $50 a year ; at 
the end of each year he added to that part of his stock which 
wae not thus expended, a sum equal to one-third of this part. 
At the end of the third year his original stock was doubled. 
What was the stock ? 

S0LI7TI0N. 

After supporting himself the first year, be will have his 
original stock— $50 ; this, increased by its third part, will 
become |^ of his original stock— f of $50 ; living upon an- 
other $50, he will have lefl f of his original stock,— | of 
$50,— $50. This must again be increased by its third part, 
giving ^ ofhis original stock— y of $50— 4 of $50. 

Again, living upon $50, he will have lefl ^ o^^^^ original 
stock— y of $50— I of $50— $50 ; increasing this once more 
by its third part, we get f^ of his original stock— |^ of $50— 
^ of $50— f of $50. This, by the question, is equal to twice 
his Original stock, or to f^ of his original stock. 

Qence, j!^— 14=}| of his original stock must equal f^ of 
$50+ V of$50+Aof50dpllars=i5y of$50=7fjo dollars; 
••• his stock was •'f|«-r^=$740. 

12. Fourteen oxen have in three weeks eaten all the grass 
which grew on 2 acres of land, in such a manner that they 
not only ate all the grass which at first was there, but also 
that which grew during the time they were grazing. In like 
manner, have 16 oxen, in four weeks, eaten up all the grass upon 
3. acres of land. How many oxen can^ in this way, graze for 
6 weeks, upon 6 acres of land ? 

soiiVTioir* 

By the first condition of the question, we see that the growth 
of 2 acres for 3 weeks is 2 x 3rs6 times the growth of pne acre 



for one week ; •*. the quantity which 14 oxen ate in 3 weeks 
is 2 acres, together with 6 times the growth of on^ acre for one 
week. Hence, one ox in one week would eat ^ of } of 2 
acres, together with -^ of i of 6 times the growth of one aero 
for one week. 

Again, hy the second condition of the question, we see that 
the growth of 3 acres for 4 weeks is 3X4=12 times the 
growth of 1 acre for Iweek ; . v the quantity which 16 oxen in 4 
weeks ate, is 3 acres, together with 12 times the growth of 1 
acre for 1 week. Hence, one ox, in one week, would eat -^ of 
i of 3 acres, together with iV ^^i ^^ ^^ times the growth of 
one acre for one week. 

Now, by the nature of the question, an ox, in the former 
^ase, must eat the same as one in the latter ; therefore, -f^ of i 
of 2 acres, together with y^ of J of 6 times the growth of one 
acre for one week must equal -jV ^^ i o^ ^ acres, together with 
-j]^ of 2 of 12 times the growth of one acre for one week, or 
which is the same thing, -^j of a,n acre +4- of thp growth of 
one acre for one week is equal to /^ of an acre+^ of the 
growth of one acre for one week. 

Hence, ^j^^=j^j of an acre must equal TV""T~Tfr ^ 
the growth of one acre for one week : therefore, the growth 
of one acre for one week is -j^j-T-yhi'^^^ of an acre. 

Now, by the third condition of the question, thero are 6 
acres, which increase by the growth of grass for 5 weeks ; and 
since this increase is ^ of an acre, for one acre for one week, 
it follows that 6 acres in 5 weeks will increase 6 X5 x^=| 
of an acre ; so that there will be 6^ acres to be eaten in 5 
weeKs. 

Now, we have already seen, by the first condition of the 
question, that ope ox in one week would eat ^ of i of ^^acres 
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+ |i|'.of i or6 times the gr&wth of one acre for one week, or 
which is the same thing, one ox in one week would eat ^ of 
an acre+7^T of an acre=^ of an acre. 

Consequently, one ox would in 5 weeks eat 5 X ^=i of an 
acre. Therefore, the number of oxen necessary to eat the 
6| acres in 5 weeks, must be V'-^2'=26 oxen, the answer. 

13. A, B, C, D, and E, play together on this condition: 
that he who loses shall give to all the rest as much as they al- 
ready have. First, A loses, then B, then C, then D, and at 
last also E. All lose in 4urn, and yet at the end of the fifth 
gam? they have all the same sQm, viz ; each 932. How mucii 
had each before they began to play ? 

SOLUTION. 

The solution of this question is the most readily efiecied by 
a reverse process, that is, by beginning with the last game, 
and playing them all in a reverse order, as follows : First, 
take from A, B, C, and D, half they have, and add it to E's 
money ; second, take from A, B, C, and E, half what they 
now have, and add it to D's ; third, take from A, B, D, and 
E, half what they now have, and add it to G^s; fourth, take 
half of A's, C*s, D's, and E's, and idd it to B's; lastly, take 
half of^'s, C's, D's, and E's, and add it to A's. 

These succe^lve operations may be exhibited ais follows : 
A B C D B 

•32 32^ 32 32 32 end of 5th game. 



16 


16 


16 


16 


96 end of 4th game. 


8 


8 


8 


88 


48 end of 3d game. 


4 


4 


84 


44 


24 end of 2d game. 


2 


82,. 


42 


22 


12 end of Ist game^ 


Ads. 81 


41 


21 


11 


6 before playing. 



14. A £ilher led to his three oddb, viMMe ages are % !•, 
and la yean, f 10000, to be so divided that ihe 
parts beiog placed oat at 5 pa* eeat^ componnd 
should amount to equal sums when thej hrcame 21 yean of 

age.. What are the parts? 

soujnoir. 

By the question, their respective shares would be at inter- 
est 13, 11, and 8 years. 

We find, by table under Art. 70^ the present worth of #1 
for 13, 11, and 8 years respectively, at 5 per cent., compound 
interest, to be •0.5303dl, 90.584679, and 90.676839. Now 
It is obvious that the parts must be to each other in the same 
ratio as the numbers 530321, 584679, and 676839 ; the sum 
of these numbers is 1791839. Hence, the parts are as fol- 
lows: « 

The first one's part is ^^/^ of •10000==$2959.646. 
The second one's part is iVsVW^ ^^ 910000=s93263.011. 
The third one's part is WViVW of $10000==$3777<d43. 

15. Find what each of the fau.r persons; A, B, C, and D 
are worth, by knowing, 

Firstf that A'^ money, together with | of B's, C's, and 
D's, is equal to $137. 

Secondly, that B's money, together with i of A's, C*s, and 
D's, is equal to 9137. 

7%iri%, that C's money, together with | of A's, B's, and 
D's, is equal to 8137. 

Fourthly, that D's money,^ together with i of A's, B's, and ^ 
C's, is equal to. (187. 
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It is evident that I of B's, C'b, and D% money is the same 
as 1 ofihesumofaUfVivus i of A's: therefore, A's, together 
with i of b's, C's, and D'a, is equal to A's+i of the sum of 
oU— i of A's, which, by the first condition, equals $137. 

Consequently, | of A's=s9137— i of the sum of ciU. 

.*. A's=}of 8137—} of the sumofaU. In a similar way 
we get B's=| of 8137— J of the sum of M. 
C's=Jof8l37— lof the^MOT cf all. 
D's=|of8l37— }of the«im of dll. 

Taking the suqi of these values, of A, B,C,andI>) weget the 
«»»o/aiZ=:(|+t+f+f)of$137-(i + 4+J-hJ)of the«i» 
ofaU. .•.(l+i+l+i+i)ofthe*ji»io/aa=(|+f+J+|) 

of 8187. And the sum o/dfZ=-iili±iii_ of813t==W 

of8l37=8817. 

This value, for the sum of all, being substituted in the 
above values of A, B, C, and D, we obtain the following results r 

A's=f of 8 137- J of 8317=847 
B's=r| of 8137--J of 8317=a877 
C's=| of 8i37-J of 8317=$92 
D'8=«}pf 8137— J of 8317=8101 



KoTE. — ^It is obvious, that this method of scrying the abore qocilMMfr 
will apply in the case of any number of unknown quantities which are 
similarly related to each other. 

16. A and B settling accounts, found that if £6 were add- 
ed to | of A's money, and the same sum taken from | of B's, 
the sum would be {^ of the remainder^ and that the sum and re- 
mainder added together, nade £72. What was each naa^* 
money 1 



aUBSTIONa SOLVED B7 ANALYSIS. 237 

SOLUTION. 

Since £6 was added to I of A's tnoaey^ ajad subtracted from 
i of B's money, the sum of A's and B's money, after this ad- 
dition and subtraction, is the same as it would have been, had 
no such addition and subtraction been made. Therefore | of 
A's and B's money is, by the question, £72. 

Again, by the question^ I of A's, increased by £6, is equal to 
I of I of B's, diminished by £6 ; .*. i of A's, increased by £6, 
is to I of B's, diminished by jS6, as 7 to 8. But we have al- 
ready seen, that | of A's, increased by JS6, added to fWB's, 
diminished by £6, is £72. Hence, if we divide £72 into 
two partSi which are to each other as 7 to 8, these parts will 
be i of A's, increased by £6, apd f of B's, diminished by £6. 
The parts of £72 pounds, which are to each other as 7 to 8, 
are ^ of £72=£33|. and yV o^ £72=£38|. Therefore i 
of A's, increased by £6, is equal to £33f, oonaequentlyy } of 
A's is £d3|^£6=£27f ; and the whole of A's money is | of 
£27}=s£41f. And | of B's, diminished by £6,^ is equal to 
£38f . Therefore, f of B's is £38f +£6=£44|. ; and the 
whole of B's money is } of £44f =£66|. 

17. A purse of 92850 is to be divided among three per- 
sons, A^ B, and C. A's share is to be to B's, as 6 to 11, and 
C is to have $300 more than A and B together. What is 
each one's share ? 

SOLUTION. 

Since C is to have $300 more than A and B together, it 
follows that A and B must have half of what is lefl, after sub- 
tracting $300 : hence, A and B together have $1275; this 
divided into two parts, which are to each other as 6 to 1 1, 
gives A's==W of 1275=$460 ; B's=:||of 1276=$825 ; C's 
is evidently $1575. ' 

21 
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18. Two persons, A and B, purchase in company, 100 acres 
of land for 81000, of which the southern portion is of rather the 
b68t quality. In the division of it, A says to B, let me have 
jof the southern portion, and I will pay for my part (l-jV P^** 
acre more than you pay for yours. How much land must 
eaoh have, and at what price per acre ? 

Note. — Thia, and like questions, can be solved by the following 

RULE. 

Divide half the tphole eogt by the vohoU number ^ acres, and to the 
equate of the quotient a/id the square of half the difference of the pricoM 
per acre ; then extract the square root of the eum^ and to this root add tha 
quotient of half the whole coat, divided by the whole number of aereo* 
This last 9um, increased by half the difference of the prices per acre, wili 
g4te ths price per acre of the best Umd; and diminished by the sama^ 
will give the price per acre of the poorest. 

Applying the above mle, we find the quotient of half the whole cost, 
divided by the whole number of acres, to be 5, which squared, gives 25 ; 
this increased by the square of half the difference of the price per acre, 
becomes 25+ -j-^j^ = ^-^^ , whose square root is ^^ ; this root added 
to 5, gives '^ = 10 Jy. Therefore^ the price per acre, of A's land, is 

10jV4-il~^^^f '^^^ P"<^® °^^'« ^^^ '^ IO5V— sl^^^i- 
. $500-r ^104=47-jVacres, for A's portion. - 

•500-T-$9i ^'^^H ^^^^ ^^^ ®*^ portion. 

19. A boy divided his apples among his four companions, 
in the ifoUowing manner : To the first he gave half an apple 
more than half his whole number,* to ihe second, he likewise 
gave half an apple more thati half the number which he then 
had ; in the same manner he divided with the third and fourth, 
companion, giving to each tialf an apple more than half the 
number which was left after giving to the preceding one. ^ 

After havingpdivideil with the fourth companion^ he had but 
Me apple lefl. How many bad he alf first T 
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SOLUTION. 

This question is most easily solved by beginning with the 
last companion, and reversing each successive operation. 

Since he had but one apple left, a(ler making the last di- 
vision, he must have had 3 after the third division, because 3 
diminished by i more than its half, leaves 1 ; for a similar 
reason, he must have had 7 afler the second division. In 
this way we may retrace the process by multiplying the num- 
ber ,by 2, and adding 1 to the product, for each successive step* 
In this way we find that aftef the first division he must have 
had 2X7+ 1=15. And before he divided with the first, he 
must have had 2X15+1=31 apples. 

Note. — From the above method of solving this question, we see that 
it would not be difficult to extend the solution to the case of any num- 
ber of divisions. Indeed, we see that the number required is always 
one less than 2, raised to a power whose index is one moreihan the num-* 
ber of divisions. 

Thus, had there been 10 companions to divide with, after the above 
method, he must have had 2 ^ ^ ^1=2047 apples at first. 

This method of division is efibcted without dividing an individual apple. 

20. A hare is 50 leaps before a greyhound, and takes 4 
leaps to the greyhound 3, but two leaps of the hound are equal 
to 8 of the hare's. How many leaps must the greyhound take 
before he catches the hare ? 

SOLUTION. 

Since 2 leaps of the greyhound equals 3 leaps of the hare, it 
follows that 6 leaps of the greyhound equals 9 jeaps of the hare. 

But while the greyhound takes 6 leaps, the hare takes 8 
leaps ; therefore, while the hare takes 8 leaps, the greyhound 
gains on her 1 leap. Hence, to gain 50 leaps she must take 
50 X 8=s400 leaps ; but while the hare takes 400 leaps, the 
greyhound would take 800 leaps, since the number of leaps 
taken by them were as 4 to 8* 
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21. From a cask of wine a tenth part isdrawn out, and then 
the cask is filled with water ; after which, a tenth part of the 
mixture is drawn out ; again, the cask is filled, and again -a 
tenth part of the mixture is drawn out. Now suppose the flu- 
ids mix uniformly at each time the cask is replenished, what 
fractional part of pure wine will remain after the process of 
drawing out, and replenishing has heen repeated ten times ? 

S0Z.UTI0I7. 

Since ^ of the wine is drawn out at the first drawing, there 
must remain ^. And after the cask is filled with water, ^ 
of the whole being drawn out, there will remain -f^ of the mix- 
ture ; but ^ of the mixture, we have already seen, is pure wine ; 
therefore after the second drawing there will remain f^ of ^^ 

of pure win^ or —-* By similar reasoning, we see that afler 

the third drawing there will remain V^ of ^ of ^ of pure 

wine, or --- 
lOa- 

From this, we see that the part of pure wine remaining is 
expressed by the ratio 3^, raised to a power whose exponent 
is the number of times the cask has been drawn from* Hence , 
in the present question, the fractional part «f pure wine is 

?lL=syffffJf3f*|a=0.3486784401, which is nearly 35 per 

cent. 

22. Suppose, from an acorn, there shoots up a single stalk 
at the end of the year ; that at the end of each year there- 
after, this stalk puts forth as many new branches as it is 
years old : also suppose all the branches to follow the same law, 
that is, to produce as many new branches as they are years 
old. How many branches will this oak tree consist 0/ at the 
end of 20 years? 
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SOLUTION. 

From the conditions of the question, we know that at the 
end ofthe^r^^ year there will be simply one stalk or branch, 
which we will denote by 1 ^ ; at the end of the second yean 
this branch will become one year old, and produce a new 
branch, so that we shall have 1 ^ + 1 ^ ; at the end of the third 
year the branches li + l, will become la + li* the first of 
which being 2 years of age, will produce two new branches* 
the other will produce one new one ; we shall therefore have 
1, + 1 , + 3, . Proceeding in this way, we obtain the follow- 
ing results: 

End of 1st year we have 1 ^ »_ 1 

" 2 «« « li + lo = 2 

*" 3 ** « la + li + 3, = 5 

" 4 " « l3 + l2 + 3,+8^ =;=13 

«« 6 « « l4 + ls + 32+8,+21^ =34 

" 6 « " l, + l4+33 + 8a + 21i + 56,=89 

In this scheme, the small figures at the bottom of the larger 
ones, denote the age in years, of the branches to which they 
are attached. Thus, at the end of the fifth year, there will be 
one branch 4 years old, one branch 3 years old, three branch- 
es 2 years old, eight branches 1 year old, and twenty-one new 
branches of no age. 

The law of the above series is obvious. It is such, that twict 
any term^ increased by the sum of all the preceding terms^ gives 
the next succeeding term. 

These terms may be found most easily by continual addi- 
tion, as given on the following page, where each succeeding 
term is found by adding the two preceding ones. 

21* 
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total bninohei 1st jear, 
total branchea 2d jwr, 
total branches 3d ysar, 
total branches 4th yeart - 
total branches 5th year, 
total branches 6th year, 
total branches 7th year, 
total branches 8th year, 
total branches 9th year, 
total branches 10th year, 
total branched 11th year, 
total branches Idth year, 
total branches ISlh year, 
total branches 14th year, 
total branches 15th year, 

m 

total branches 16th year, 
total branches 17th year, 
total branches 18th year, 
total branches 19th year, 
total branches S6th year. 



a 

1 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

144 

233 

377 

610 

987 

1597 

2584 

4181 

6765 

10946 

17711 

28657 

46368 

75025 

121393 

196418 

317811 

514229 

832040 

1346269 

2178309 

3524578 

5702887 

9227465 

14930352 

24157817 

39088169 

63245986 



new branches 1st year* 

new branches 2d year, 

new branches 3d yeai^ 

new branches 4th year, 

new branches 5th ye^tf 

new branches 6th year, 

new branches 7th year, 

new branches 8th year, 

new branches 9th year, 

new branches 10th year, 

new branches 11th year, 

new branches i2th year, 

new branches 13th year« 

new branches 14th year, 

new branches 15th year, 

new branches 16th year, 

new branches 17th year, 

new branches 18th year, 

new branches 19th year, 

new branoboi 90lh year. 
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CHAPTER XVI. 

MISCELLANEOUS QUESTIONS. 

93* What are the prime factors of 2006? 

2. What are the prime factors of 3742 1 

3. What is the greatest common measure of 720, 360,^ 
and 180 7 

4. What is the greatest common measure of 420, 147, and 
210? 

5. What is the least common multiple of 4, 16, 24, and 40 ? 

6. What is the least common multiple of 8, 36, and 100 ? 

7. What are all the divisors of 376 ? 

8. What are all (he divisors of 28456 ? 

9. What is the sum of the divisors of 7866 ? 

10. What is the sum of the divisors of 1000 ? 

11. Reduce ||| to its lowest terms* 

12. Reduce HJHf to its lowest terms. 

13. Reduce the improper fraction ^ff^ to a mixed fraction. 

14. Reduce Vg^ to a mixed fraction. 

15. Reduce 67 /j- to an improper fraction. 

16. Reduce 37-^ iq an improper fraction. 

17. What is the product of Yf into ^ ? 

18. What is the product of f| into V^ ? 

19. Reduce the compound fraction ) of | of f ^f H ^^ ^ 
•imple fraction. 
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20. Reduce -fyf ^9 and 4 to fractions having a common 
denominator. 

21. What is the sum of y*j, 4, and ^? 

22. What is the quotient of ^\ divided by | ? 

23. Reduce the complex fraction ZjL to its simplest form* 

24. What is the value of ^ of a mile? 

25. Can the vulgar fraction fy be accurately expressed in 
decimals ? 

26. How many places of decimals will be required to ex- 
press II? 

27. Find the compound repetend equivalent to ^. 

28. Find the perfect repetend arising from ^. 
99. Convert 0.3756 into a vulgar fraction. 

30. Convert |}| into a continued fraction. 

31. Find some of the approximative values of the continued 
fraction 1 

3+7 



3+1 



3+1 



3+I&C. 

32. What must be the length of a thread, which will wind 
spirally about a cylinder of 4 feet in circumference, and 60 
feet in length, the distance between each turn of the thread, 
being 1 foot? 

33« Required to divide the number 00 into four parts ; such 
that, if the first be increased by 5, the second decreased by 4 
the third multiplied by 3, and the fourth divided by 2, the re- 
sults, in each case, shall be the same. 
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34. If A can perform a piece of work in 10 days, B in 12 
days, C in 16 days, then how many days will be required 
for all together to perform the work ? 

35. A shepherd, in the time of war, fell in with a party of 
soldiers who plundered him of half his flock, and half a sheep 
over ; afterwards a second party met him, who took half of 
what he had left, and half a sheep over ; and soon after this, 
a third party met him, and used him in the same manner ; 
and then he had only five sheep left. It is required^ to find 
what number of sheep he had at first. 

36. Four persons, A, B, C, and D, spent 20 shillings in com- 
pany ; when A proposed to pay i, B i, C |, and D ^ part ; 
but when the money came to be collected, they found it was 
not sufficient to answer the intended purpose. The question 
then is, to find how much each person must contribute to make 
up the whole reckoning, supposing their several shares to be 
to each other in the proportion above specified. 

37. If ^ of a pound of cinnamon is worth 18 cents, what 
will 7 J- pounds cost ? 

38. If a family of 8 persons spend $480 in 32 months, how 
much would 16 persons spend in 8 months? 

39. Two persons depart from the same place ^t the same 
time ; the one travels 30, the other 35 miles a day. How 
far distant are they after 7 days, if they travel both in the same 
direction ; and how far if they travel in contrary directions ? 

40. A stationer sold quills at 10«. 6d. a thousand, by which 
fae cleared } of his money; but growing scarce, he rained 
them to 12s, a thousand. TV hat did he clear per cent, by the 
latter price ? 

41. How much can a person give for an annuity of $400» 
which has to run 12 years, if the interest be reckoned at 3 per 
cent.? Ans» 93981.602. 
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42. Eight oxen have, in seven weeks, eaten all the grass 

which grew on 400 square rods of land, in such a manner that 

they not only ate all the grass which at first was there, but also 

that which grew during the time they were grazing. In like 

manner, have 9 oxen, in eight weeks, eaten up all the grass upon 

600 square rods of land. How many oxen can in this way, 

graze, for 12 weeks, upon 600 square rods of land ? 

Ans. 8. 

43. A and B possess, together, only i of the property of 
C ; B and C have, together, 6 times as much as A ; were B 
$680 richer than he actually is, then he would have as much 
as A and C together. How much has each ? 

Ans. A has $200, B $360, and C $840. 

44. How often can the 26 letters of the alphabet be trans, 
posed I Ans. 403291461126605635584000000 times. 

NoTB^->All the inhabitants of the globe, taken together, could not, in 
a thousand millionB of years, write out all these transpositions of the 26 
* letters, even supposing that each wrote 40 pages daily, each of which 
pages should contain 40 different transpositions of the letters. 

45. A debt, due at this present time, amounting to $1200, 
is to be discharged in seven yearly and equal payments. 
What is the amount of one of these payments, if the interest 
be calculated at 4 per cent.? Ans. $199,931. 

46. A usurer lent a person $600, and drew up for the amount 
a bond of $800, payable in 3 years, bearing no interest. What 
did he take per cent., if compound interest be taken into con- 
sideration? Ans. 10.06424 per cent. 

47. A person being asked about his salary, answered, ^* At 
present I have $550 ; but when I first entered into office I had 
no more than $100 ; but, on account of my industry, I receiv* 
ed, each year, an addition of $30 to my income. How long 
was he engaged ? * Ans. IB jwn* 



46. A debtor beiog unable to pay his debt, amounting to 
912950, at once, agrees with his creditors to discharge it by 
monthly instalments, viz : ^600 the first month, and each suc- 
ceeding month $50 more than the preceding one. In how 
many months will he have discharged his whole debt ? And 

how much does he pay the last month ? 

Ans. In 14 months, and (1250. 

49. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-twelfth to a servant, 
and the remaining 9G0Q to the poor. What was the amount of 
his property ? Ans. 87200. 

50. We know, from natural philosophy, that any body^ 
which falls in vacuOf passes, in the first second, through 
a space of 16^^ feet ; and in each succeeding second, S2j> feet 
more than in the one immediately preceding. Now, if a 
body has been (ailing 20 seconds, how many feet will it have 
fallen the last second ? And how many in the whole time ? 

Ans. 627i feet, and 6433} feet. 

61. An estate of 87500 is to be divided between a widow, 

two sons, and three daughters, so that each son shall receive 

twice as much as each daughter, and the widow herself $500 

more than all the children* What was her share? And what 

the share of each child ? 

C Widow's share 84000. 
Ans. < Each son's $1000. 
, ( Each daughter's 8500. 

52. Three soldiers, in a battle, make 896 booty,. which they 

wish to share equally. In order to do this. A, who made the 

most, gives B and C as much as they already had ; in the 

same manner, B then divided with A and C, and after this, C 

with A and B. If, then, by these means, the intended equal 

division is effected,, how much booty did each soldier make T 

Ans. A 852j B 828, and C 816^ 



I 
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53* A purse of (2850 is to be divided among three per- 
sons, A, B, and C. A^s share is to be to B's as 6 to 11, 
and C is to hare 9300 more than A and B together. What is 
each one's share 7 

Ans. A's $450, B's 9825, C's #1575. 

54. A father leaves a number of children, and a certain 
sum, which they are to divide amongst them as follows : The 
first is to receive SI 00, and then the 10th part of the remain- 
der ; after this, the second has 8200^ and the 10th part of the 
residue ; again, the third receives 8300, and the 10th part of the 
remainder; and so on, each succeeding child is to receive 
8100 more than the one immediately preceding, and then the 
10th part of that which still remains. At last it is found that 
all the children have received the same« What was the for- 
tune left 7 And how many children were there 7 

*. g iThe fortune* left was 88100, 
\ and the number of children 9. 

55. Two carpenters, 24 journeymen, and 8 apprentices, 

received at the end of a certain time 8144. The carpenters 

received 81 per day, each journeyman half a dollar, and each 

apprentice 25 cents* How many days were they employed 7 

Ans. days. 

56. A man, to please his children, brings home a number 
of apples, and divides them as follows : To the first and eldest 
of his children he gives the*half of the whole number, less 8 ,* 
to the second, the half of the remainder, again diminished by 
8 ; and he does the same with the third and fourth. After 
this he gives the 20 remaining apples to the fifth. How many 
apples did he bring home 7 Ans. 80. 

67. A farmer being asked how many sheep he had, an- 
swered that he had them in five fields ; in the first he had 2, 
in the 2d ^, in the 3d ^, and in the 4th ^ and in the 5th 450. 
How many had'he? Ans. 120Q. 
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58. I once had an untold sum of money lytng. before me. 
From this I first took away the 3d part, and put in its stead 
950. A short time after I took from the sum thus augmented, 
the 4th part, and put again in its stead $70. I then counted 
my money and found $120. What was the original sum? 

Ans. 825. 

59. After paying ^ and ] of my money, I had 66 guineas 
left in my purse* How many guineas were in it at first ? 

Ans. 120. 

60. A countryman brings his eggs to market, and first 
sells. 4 more than the half of them, then he goes further, and 
sells half of the remainder, and 2 over. Now, 6 eggs more 
than half of the remainder, are stolen from him, and dissatis- 
fied about this loss, he returns to his village with the two eggs 
which remained in his basket. How many eggs did he take 
to town ? Ans. 80. 

6 1. A person goes to a tavern with a certain sum of money 
in his pocket, where he spends 2 shillings ; he then borrows 
as much money as he had left, and going to another tavern^ 
he there spends 2 shillings also ; then borrowing again as much 
money as was left, he went to a third tavern, where like- 
wise he spent 2 shillings and borrowed as much as he had left ; 
and again spending 2 shillings at a fourth tavern, he then had 
nothing remaining. What had he at first ? 

Ans. 3s. 9d^ 

62. A cistern can be filled by three pipes ; by the first in 
li hours, by the second in 81 hours, and by the third in $ 
hours. In what time will this cistern be filled when all three 
pipes are open at once ? Ans. In 48 minutes. 

68. To divide the number 36 into 3 such parts that ) of the 

first, \ of the second, and i of the third, may be all equal to 

each other. Ans. 8, 12, and 16* 

22 
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64. A person possefises a wagon with a mechanical contri- 
TanoOf by which the difference of the number of revolutions 
of the wheels on a joufmey may be determined* It is known 
that each of the fore-wheels is 52, and that each of the kind 
wheels is 7| feet in circumference. Now, when in a journey 
the fore- wheel has made 2000 revolutions more than the hind- 
wheeli how great was the distance traveled? 

Ans. 39900 feet. 

65« A dog pursues a hare. Before the dog started, the hare 
had made 50 paces, and this is the distance between them at 
first. The hare takes 6 paces to the dog's 5 ; and 9 of the 
hare's paces are equal to 7 of the dog's. How many paces 
can the hare take before the dog overtakes herl Ans. 700. 

66. A person wishes to dispose of his horse by lottery. If 
he sells the tickets at 82 each, he will lose $30 on his horse ; 
but if he sells them at $S each, he will receive $30 more than 
his horse cost him. What is the value of the horse, and the 
number of tickets? Horse worth $150, No. tickets, 60. 

67. ThiQ four following numbers, 

2080913082956455142636, 4937801347510680732948, 
7262810476410016163052, 214972108693241589340948, 
when added together, by taking two at a time, produce six dis- 
tinct sums ; each of which is bl perfect cvbe. What are the six 
roots of these cube numbers ? 

Ana $ 10146344, 21062342, 60097344, 
^^\ \ 23021160, 60359866, 60571840. 

68. What is the square of 12890625 ? 

Ans. 166168212890625. 

• NoTS. — ^In ihis quettioii It will be observed that the square of the above 
number ends with the same set of figures as the number itself ;.. and this 
mast hold good for any power of the above number. 
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69. Suppose $1 had been put out, at compound interest, at 
7 per cent., the 5th day of October, 1565. How much would 
it have amounted to on the 1st of December, 1841 ? 

Ans. $3364085*041. 

70. A gentleman hires a servant, and promi^s him, for the 
first year, only $60 in wages, but for each following year 84 
more than for the preceding. How much will the servant 
receive for the 17th year of his engagement? and how much 
for all 17 years together? Ans. $124, and 81564. 

71. A person had two barrels, and a certain quantity of 
wine in each. In order to have an equal quantity in each, 
he poured out as much of the first cask into the second, as it 
already contained ; then, again, he poured out as much of the 
second into the first as it then contained, and lastly he poured 
out again, as much from the first into the second, as there 
was still remaining in it. At last he had 16 gallons of wine 
in each cask* How many gallons did they contain origin, 
ally ? Ans. The first 22, the second 10 gallons. 

72. What is the sum of the cubes of the seven following 

fractions : Hl» m» !**» Iil» IH. i\h and f }| ? 

Ans. 6. 

73. A general, wishing to draw up his regiment into a 

square, tried it in two ways. The first time he had 39 men 

over ; the second, having extended the side of the square by 

one man, he wanted 50 men to complete the square. What 

was the number of soldiers in the regiment ? 

Ans. 1975 men. 

74. From a sum of money, 850 more than the half of it is 
first taken away ; from the remainder 830 more than its fifth 
part ; and again, from the 2d remainder 820 more than its 
fourth part. At last there remained only 810. What was 
the original sum ? Ans, 8275. 
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75. What is the sum of the cubes of the five followiog frac- 
tions : ff I, f H, If}, Hf and |H ? Ans. 6. 

76. The siderial revolution of Venus is 224.700817 days. 
How can this period be represented by smaller numbers ? 

Ans. By HS H*» °fS ' V'» H*'» ^Wf ^c- 

77. Find ten numbers, such that the first with ^ of all the 

rest shall make 845698 ; the second with } of all the rest shall 

make 845693 ; the third with ^ of all the rest shall make 

845693 ; the fourth with |, the fifth with }^ the sixth with yV^ 

the seventh with -fj^ the eighth with ^9 the ninth with -^t 

and the tenth with -^^ of all the rest, shall make respectively 

the same number, 845693. 

Anfl 5 3*888, 197045, 305153, 382373, 440298, 
^^' I 485333, 521369, 550853, 575428, 596213. 



ERRATA. 

Question 3d, on page 226, ought to read as follows : *' In how many 
ways may the first 25 letters of &e alphabet be read in this way ?'* 

Question 9th, on page 230, ought to read as follows : ** A and B can, 
together, do a piepe of work in 8 days ; A and C can, together, do it in 
9 days ; and B and C can, together, do it in 10 days. H&w many days 
would it require for each lo perform the work alone ?" 

There are several other slight errors, which are considered too trifling 
to need correction in this place. 
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